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Abstract
Gromov-Wasserstein (GW) is a powerful tool to compare probability measures
whose supports are in different metric spaces. GW suffers however from a computa-
tional drawback since it requires to solve a complex non-convex quadratic program.
We consider in this work a specific family of cost metrics, namely tree metrics for
a space of supports of each probability measure, and aim for developing efficient
and scalable discrepancies between the probability measures. By leveraging a tree
structure, we propose to align flows from a root to each support instead of pair-wise
tree metrics of supports, i.e., flows from a support to another, in GW. Consequently,
we propose a novel discrepancy, named Flow-based Alignment (FlowAlign), by
matching the flows of the probability measures. We show that FlowAlign shares a
similar structure as a univariate optimal transport distance. Therefore, FlowAlign is
fast for computation and scalable for large-scale applications. By further exploring
tree structures, we propose a variant of FlowAlign, named Depth-based Alignment
(DepthAlign), by aligning the flows hierarchically along each depth level of the
tree structures. Theoretically, we prove that both FlowAlign and DepthAlign are
pseudo-distances. Moreover, we also derive tree-sliced variants, computed by aver-
aging the corresponding FlowAlign / DepthAlign using random tree metrics, built
adaptively in spaces of supports. Empirically, we test our proposed discrepancies
against other baselines on some benchmark tasks.
1 Introduction
Optimal transport (OT) theory provides a powerful set of tools to compare probability measures.
OT has recently gained considerable interests in machine learning community [15, 20, 33, 36, 38,
40, 41, 54], and played an increasingly important role in several research areas, such as computer
graphics [10, 28, 51, 53], domain adaptation [9, 13, 14, 45], and deep generative models [5, 21, 24,
26, 39, 57].
When probability measures are discrete and their supports are in the same space, OT distance can be
recasted as a linear programming, which can be solved by standard interior-point method algorithms.
However, these algorithms are not efficient when the number of supports is large. In order to account
for the scalability of the OT distance, Cuturi [15] initiated a new research line by regularizing the OT
with the entropy of the transport plans. Several efficient algorithms have been recently proposed to
solve the entropic OT [2, 3, 17, 31].
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When probability measures are discrete and their supports are in different spaces, the classical OT
distance is no longer valid to measure their discrepancy. In his seminal work, Mémoli [35] introduced
Gromov-Wasserstein (GW) distance to compare probability measures whose supports are in different
metric spaces. Due to its flexibility, the GW distance has been used in several applications, including
quantum chemistry [42], computer graphics [52], cross-lingual embeddings [4, 23], graph partitioning
and matching [58, 59], and deep generative models [11]. However, the GW is a complex non-convex
quadratic program and NP-hard for arbitrary inputs [43] (§10.6.3). Therefore, its computation is very
costly, which hinders applications in large-scale settings where the number of supports is large.
Reposing on the entropic regularization idea from OT, Peyré et al. [42] proposed an entropic GW
discrepancy. The entropic GW can be efficiently solved by the Sinkhorn algorithm under certain
cases of regularization parameter and a specific family of loss functions. Nevertheless, entropic
GW requires the regularization to be sufficiently large for a fast computation, which leads to a poor
approximation of GW. Following the direction of leveraging entropic regularization, Xu et al. [58, 59]
proposed algorithmic approaches to further speed up GW for graph data. Another approach for
scaling up the computation of GW is sliced GW [55], which relies on a one-dimensional projection of
supports of the probability measures. Consequently, similar to sliced-Wasserstein, sliced GW albeit
fast limits its capacity to capture high-dimensional structure in a distribution of supports [30, 32].
Additionally, sliced GW can be only either applied for discrete measures with the same number of
supports and uniform weights, or required an artifact zero-padding for probability measures having
different number of supports [55].
Contributions. In this work, we consider a particular family of cost metrics, namely tree metrics
for a space of supports of each probability measure, and aim for developing efficient and scalable
discrepancies for probability measures in different spaces. Although it is well-known that one can
leverage tree metrics to speed up a computation of arbitrary metrics [7, 8, 12, 18, 25], our goal is
rather to sample tree metrics for spaces of supports, and use them as cost metrics, similar to tree-sliced-
Wasserstein (TSW) [30]. However, different to TSW, one may not apply this idea straightforwardly
by only using tree metrics as cost metrics for GW to develop scalable discrepancy for the probability
measures in different tree metric spaces. Therefore, by exploiting a tree structure, we propose to
align flows from a root to each support instead of pair-wise tree metrics of supports, i.e., flows
from a support to another, in GW for the probability measures. Consequently, we propose a novel
discrepancy, named Flow-based Alignment (FlowAlign), by matching the flows of the probability
measures. FlowAlign is fast for computation and scalable for large-scale applications due to sharing
a similar structure as a univariate OT. For further exploring tree structures, we propose to align the
flows hierarchically along each depth level of the tree structures, named Depth-based Alignment
(DepthAlign). Theoretically, we prove that both FlowAlign and DepthAlign are pseudo-metrics, i.e.,
they are symmetric and satisfy the triangle inequality. Furthermore, we derive tree-sliced variants,
computed by averaging the corresponding FlowAlign / DepthAlign using random tree metrics, sampled
by a fast adaptive method, e.g., clustering-based tree metric sampling [30] (§4).
Organization. The paper is organized as follows: we review tree metrics and GW in §2. We propose
two novel discrepancies: FlowAlign and DepthAlign for probability measures in different tree metric
spaces in §3 and §4 respectively. In §5, we derive their tree-sliced variants for practical applications,
and then evaluate the proposed discrepancies against other baselines on some benchmark tasks in §6
before concluding in §7.
Notation. We denote [n] = {1, 2, . . . , n}, ∀n ∈ N+. For x ∈ Rd, let ‖x‖1 be the `1-norm of x, and
δx be the Dirac function at x. For probability measure µ, denote |µ| for the number of supports of µ.
2 Reminders on Tree Metric and Gromov-Wasserstein
In this section, we briefly review tree metric space and GW between probability measures in different
tree metric spaces.
2.1 Tree metric space
Given a tree T , let dT be a tree metric on T . The tree metric dT between two nodes in T is equal to
a length of the (unique) path between them [50] (§7, p.145–182). Given node x ∈ T , let Γ(x) be
the set of nodes in the subtree of T rooted at x, i.e., Γ(x) = {z ∈ T | x ∈ P(r, z)} where P(r, z) is
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Figure 1: An illustration for a tree metric space. x2 is at depth level 2. P(x3, x4) contains e3, e1, e4
(the orange dot path), Γ(x2) = {x2, x5, x6} (the green dot subtree), and S(rx) = {x1, x2, x3}. For
edge e5, ve5 = x5 and ue5 = x2.
the (unique) path between root r and node z in T , S(x) be the set of child nodes of x, and |S(·)| is
the cardinality of set S(·). Given edge e, we write ue and ve for the nodes that are respectively at a
shallower (closer to r) and deeper (further away from r) level of edge e, and we be the non-negative
length of that edge. We illustrate those notions in Fig. 1.
Throughout the paper, we are given two probability measures µ =
∑
i∈[k] aiδxi and ν =∑
j∈[k′] bjδzj whose supports xi |i∈[k] and zj |j∈[k′] are in different tree metric spaces (TX , dTX ) and
(TZ , dTZ ) respectively; ai, bj ∈ R+,∀i ∈ [k], j ∈ [k′] such that
∑
i∈[k] ai =
∑
j∈[k′] bj = 1. Our
goal is to define discrepancies between these probability measures.
2.2 Gromov-Wasserstein
In [35], Mémoli defined GW between µ and ν in different tree metric spaces as follow:
GW2(µ, ν) := min
T∈Π(µ,ν)
∑
i,j,i′,j′
|dTX (xi, xi′)− dTZ (zj , zj′)|2 TijTi′j′ , (1)
where Π(µ, ν) :=
{
T ∈ Rk×k′+ |
∑
j∈[k′] Tij = ai,
∑
i∈[k] Tij = bj ,∀i ∈ [k], j ∈ [k′]
}
is a set of
the transport plans between µ and ν. Intuitively, GW aligns pair-wise tree metrics of supports
dTX (xi, xi′) |i,i′ and dTZ (zj , zj′) |j,j′ for µ and ν.
However, one may not scale up GW by straightforwardly using tree metrics as cost metrics as in
Eq. (1) like TSW [30]. Therefore, we propose to leverage tree structure to align flows from a root to
each support instead of pair-wise tree metrics of supports, i.e., flows from a support to another, in GW
to develop scalable discrepancy for the probability measures. Consequently, we propose two novel
discrepancies for probability measures in different tree metric spaces: FlowAlign and DepthAlign,
detailed in §3 and §4 respectively.
3 Flow-based Alignment Discrepancy
In this section, we propose a novel, efficient and scalable discrepancy, named Flow-based Alignment
(FlowAlign), for probability measures in different tree metric spaces.
3.1 Definition of FlowAlign
Different from GW for probability measures in different tree metric spaces, FlowAlign exploits tree
structures for the alignment.
Definition 1. The Flow-based Alignment discrepancy between µ and ν is defined as follows:
A2f (µ, ν) := min
rx,rz,T∈Π(µ,ν)
∑
i,j
|dTX (rx, xi)− dTZ (rz, zj)|2 Tij . (2)
Intuitively, FlowAlign considers the matching for flows from a root to each support for probability
measures based on (i) the flow lengths (i.e., tree metrics from a root to each support), and (ii) the
flow masses (i.e., weights on supports corresponding to the flows). Moreover, FlowAlign also takes
into account the root alignment for corresponding tree structures of tree metric spaces since the flows
depend on which node in the tree structure has a role as the tree root. Therefore, instead of matching
pairs of supports as in GW for probability measures in different spaces, FlowAlign exploits tree
structures of the tree metric spaces to align both tree root and supports for the probability measures.
3
One should distinguish FlowAlign from tree-(sliced)-Wasserstein which directly matches supports
for probability measures in the same tree metric space.
Theorem 1. FlowAlign is a pseudo-distance. It satisfies symmetry and the triangle inequality.
See the supplementary (§A) for the proof of Theorem 1. When A2f (µ, ν) = 0, we can find roots r∗x
and r∗z such that µ˜
∗ ≡ ν˜∗ where µ˜∗ = ∑i aiδdTX (r∗x ,xi) and ν˜∗ = ∑j bjδdTZ (r∗z ,zj). It demonstrates
that µ and ν have similar weights on supports (i.e., flow masses) while the tree metrics of their
supports to the corresponding root r∗x or r
∗
z (i.e., flow lengths) are identical. When the deepest levels
of trees TX and TZ are equal to two, we have the following relation between FlowAlign and GW.
Proposition 1. If the deepest levels of trees TX and TZ are 2, then GW(µ, ν) ≤ 2Af (µ, ν).
See the supplementary (§A) for the proof of Proposition 1. In practical applications without priori
knowledge about tree structures for probability measures, TX and TZ are sampled from support
data points, e.g., by clustering-based tree metric sampling [30]. We argue in the supplementary
(§B) that the farthest-point clustering within the clustering-based tree metric sampling ensures that
FlowAlign is invariant to rotation and translation.
3.2 Efficient computation for FlowAlign
A naive implementation for FlowAlign Af has a complexity O(N3 logN) where N is the number of
nodes in tree, if one exhaustively searches the optimal pair of roots for TX and TZ2. In this section,
we present an efficient computation approach which reduces this complexity into nearly O(N2).
Consider Af between µ, ν in TX , TZ rooted at rx, rz respectively. When one changes into the new
root r¯z for tree TZ , as illustrated in Fig. 2, there are two cases that can happen:
rz
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<latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit>
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<latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit>
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<latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit>
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<latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2 P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQHU4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkm hkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLiGAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit><latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2 P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQHU4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkm hkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLiGAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit><latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2 P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQHU4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkm hkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLiGAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit><latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2 P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQHU4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkm hkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLiGAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit>
z8<latexit sha1_base64="sysa1B7MfOcAeDOQcBRRy4HEHpA=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GilJbLTDRMAELmRv2YMNe3uX3TkTvPAjbCw0xtbfY+e/cfkoFHyTTZ68M5OdecNUCoOe9+0UNja3tneKu6W9/YPDo/LxSdskmWa8xRKZ6IeQGi6F4i0UKPlDqjmNQ8k74fh6Vu88cm1Eou5xkvIgpk MlIsEoWqvjuk/9uuv2yxWv6s1F1sFfQgWWavbLX71BwrKYK2SSGtP1vRSDnGoUTPJpqZcZnlI2pkPetahozE2Qz9edkgvrDEiUaPsUkrn7eyKnsTGTOLSdMcWRWa3NzP9q3QyjepALlWbIFVt8FGWSYEJmt5OB0JyhnFigTAu7K2EjqilDm1DJhuCvnrwO7VrVt3xXqzRul3EU4QzO4RJ8uIIG3EATWsBgDM/wCm9O6rw4787HorXgLGdO4Y+czx+Moo5m</latexit><latexit sha1_base64="sysa1B7MfOcAeDOQcBRRy4HEHpA=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GilJbLTDRMAELmRv2YMNe3uX3TkTvPAjbCw0xtbfY+e/cfkoFHyTTZ68M5OdecNUCoOe9+0UNja3tneKu6W9/YPDo/LxSdskmWa8xRKZ6IeQGi6F4i0UKPlDqjmNQ8k74fh6Vu88cm1Eou5xkvIgpk MlIsEoWqvjuk/9uuv2yxWv6s1F1sFfQgWWavbLX71BwrKYK2SSGtP1vRSDnGoUTPJpqZcZnlI2pkPetahozE2Qz9edkgvrDEiUaPsUkrn7eyKnsTGTOLSdMcWRWa3NzP9q3QyjepALlWbIFVt8FGWSYEJmt5OB0JyhnFigTAu7K2EjqilDm1DJhuCvnrwO7VrVt3xXqzRul3EU4QzO4RJ8uIIG3EATWsBgDM/wCm9O6rw4787HorXgLGdO4Y+czx+Moo5m</latexit><latexit sha1_base64="sysa1B7MfOcAeDOQcBRRy4HEHpA=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GilJbLTDRMAELmRv2YMNe3uX3TkTvPAjbCw0xtbfY+e/cfkoFHyTTZ68M5OdecNUCoOe9+0UNja3tneKu6W9/YPDo/LxSdskmWa8xRKZ6IeQGi6F4i0UKPlDqjmNQ8k74fh6Vu88cm1Eou5xkvIgpk MlIsEoWqvjuk/9uuv2yxWv6s1F1sFfQgWWavbLX71BwrKYK2SSGtP1vRSDnGoUTPJpqZcZnlI2pkPetahozE2Qz9edkgvrDEiUaPsUkrn7eyKnsTGTOLSdMcWRWa3NzP9q3QyjepALlWbIFVt8FGWSYEJmt5OB0JyhnFigTAu7K2EjqilDm1DJhuCvnrwO7VrVt3xXqzRul3EU4QzO4RJ8uIIG3EATWsBgDM/wCm9O6rw4787HorXgLGdO4Y+czx+Moo5m</latexit><latexit sha1_base64="sysa1B7MfOcAeDOQcBRRy4HEHpA=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GilJbLTDRMAELmRv2YMNe3uX3TkTvPAjbCw0xtbfY+e/cfkoFHyTTZ68M5OdecNUCoOe9+0UNja3tneKu6W9/YPDo/LxSdskmWa8xRKZ6IeQGi6F4i0UKPlDqjmNQ8k74fh6Vu88cm1Eou5xkvIgpk MlIsEoWqvjuk/9uuv2yxWv6s1F1sFfQgWWavbLX71BwrKYK2SSGtP1vRSDnGoUTPJpqZcZnlI2pkPetahozE2Qz9edkgvrDEiUaPsUkrn7eyKnsTGTOLSdMcWRWa3NzP9q3QyjepALlWbIFVt8FGWSYEJmt5OB0JyhnFigTAu7K2EjqilDm1DJhuCvnrwO7VrVt3xXqzRul3EU4QzO4RJ8uIIG3EATWsBgDM/wCm9O6rw4787HorXgLGdO4Y+czx+Moo5m</latexit> z9<latexit sha1_base64="Tt9vu+grtWDYZvtnnHErifcjjTg=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GrUjsdEOEwETuJC9ZYENe3uX3TkTvPAjbCw0xtbfY+e/cYErFHyTTZ68M5OdecNECoOe9+0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ64eQGi6F4k0UKPlDojmNQsnb4fh6Vm8/cm1ErO5xkvAgok MlBoJRtFbbdZ96V67bK1e8qjcXWQU/hwrkavTKX91+zNKIK2SSGtPxvQSDjGoUTPJpqZsanlA2pkPesahoxE2QzdedkjPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VOikOLoNMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAj+8smr0KpVfct3tUr9No+jCCdwCufgwwXU4QYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9yPn8AjiiOZw==</latexit><latexit sha1_base64="Tt9vu+grtWDYZvtnnHErifcjjTg=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GrUjsdEOEwETuJC9ZYENe3uX3TkTvPAjbCw0xtbfY+e/cYErFHyTTZ68M5OdecNECoOe9+0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ64eQGi6F4k0UKPlDojmNQsnb4fh6Vm8/cm1ErO5xkvAgok MlBoJRtFbbdZ96V67bK1e8qjcXWQU/hwrkavTKX91+zNKIK2SSGtPxvQSDjGoUTPJpqZsanlA2pkPesahoxE2QzdedkjPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VOikOLoNMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAj+8smr0KpVfct3tUr9No+jCCdwCufgwwXU4QYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9yPn8AjiiOZw==</latexit><latexit sha1_base64="Tt9vu+grtWDYZvtnnHErifcjjTg=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GrUjsdEOEwETuJC9ZYENe3uX3TkTvPAjbCw0xtbfY+e/cYErFHyTTZ68M5OdecNECoOe9+0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ64eQGi6F4k0UKPlDojmNQsnb4fh6Vm8/cm1ErO5xkvAgok MlBoJRtFbbdZ96V67bK1e8qjcXWQU/hwrkavTKX91+zNKIK2SSGtPxvQSDjGoUTPJpqZsanlA2pkPesahoxE2QzdedkjPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VOikOLoNMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAj+8smr0KpVfct3tUr9No+jCCdwCufgwwXU4QYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9yPn8AjiiOZw==</latexit><latexit sha1_base64="Tt9vu+grtWDYZvtnnHErifcjjTg=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GrUjsdEOEwETuJC9ZYENe3uX3TkTvPAjbCw0xtbfY+e/cYErFHyTTZ68M5OdecNECoOe9+0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ64eQGi6F4k0UKPlDojmNQsnb4fh6Vm8/cm1ErO5xkvAgok MlBoJRtFbbdZ96V67bK1e8qjcXWQU/hwrkavTKX91+zNKIK2SSGtPxvQSDjGoUTPJpqZsanlA2pkPesahoxE2QzdedkjPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VOikOLoNMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAj+8smr0KpVfct3tUr9No+jCCdwCufgwwXU4QYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9yPn8AjiiOZw==</latexit>
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<latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDwOG2+D22 aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kTZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAU JYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit><latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDwOG2+D22 aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kTZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAU JYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit><latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDwOG2+D22 aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kTZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAU JYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit><latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDwOG2+D22 aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kTZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAU JYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit>
z3
<latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit>
z4
<latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit><latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit><latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit><latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit>
z6
<latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit>
z1
<latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit>
z5
<latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit>
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z6
<latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9 rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajP FCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDvNI59</latexit>
z1
<latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDw OG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVYT5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M 1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQACXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit>
z5
<latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW 1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRn ihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit>
z7
<latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2 P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQHU4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkm hkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLiGAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit><latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2 P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQHU4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkm hkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLiGAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit><latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2 P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQHU4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkm hkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLiGAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit><latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2 P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQHU4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkm hkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLiGAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit>
z8<latexit sha1_base64="sysa1B7MfOcAeDOQcBRRy4HEHpA=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GilJbLTDRMAELmRv2YMNe3uX3TkTvPAjbCw0xtbfY+e/cfkoFHyTTZ68M5OdecNUCoOe9+0UNja3tneKu6W9/YPDo/LxSdskmWa8xRKZ6IeQGi6F4i0UKPlDqjmNQ8k74fh6Vu88cm1Eou5xkvIgpk MlIsEoWqvjuk/9uuv2yxWv6s1F1sFfQgWWavbLX71BwrKYK2SSGtP1vRSDnGoUTPJpqZcZnlI2pkPetahozE2Qz9edkgvrDEiUaPsUkrn7eyKnsTGTOLSdMcWRWa3NzP9q3QyjepALlWbIFVt8FGWSYEJmt5OB0JyhnFigTAu7K2EjqilDm1DJhuCvnrwO7VrVt3xXqzRul3EU4QzO4RJ8uIIG3EATWsBgDM/wCm9O6rw4787HorXgLGdO4Y+czx+Moo5m</latexit><latexit sha1_base64="sysa1B7MfOcAeDOQcBRRy4HEHpA=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GilJbLTDRMAELmRv2YMNe3uX3TkTvPAjbCw0xtbfY+e/cfkoFHyTTZ68M5OdecNUCoOe9+0UNja3tneKu6W9/YPDo/LxSdskmWa8xRKZ6IeQGi6F4i0UKPlDqjmNQ8k74fh6Vu88cm1Eou5xkvIgpk MlIsEoWqvjuk/9uuv2yxWv6s1F1sFfQgWWavbLX71BwrKYK2SSGtP1vRSDnGoUTPJpqZcZnlI2pkPetahozE2Qz9edkgvrDEiUaPsUkrn7eyKnsTGTOLSdMcWRWa3NzP9q3QyjepALlWbIFVt8FGWSYEJmt5OB0JyhnFigTAu7K2EjqilDm1DJhuCvnrwO7VrVt3xXqzRul3EU4QzO4RJ8uIIG3EATWsBgDM/wCm9O6rw4787HorXgLGdO4Y+czx+Moo5m</latexit><latexit sha1_base64="sysa1B7MfOcAeDOQcBRRy4HEHpA=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GilJbLTDRMAELmRv2YMNe3uX3TkTvPAjbCw0xtbfY+e/cfkoFHyTTZ68M5OdecNUCoOe9+0UNja3tneKu6W9/YPDo/LxSdskmWa8xRKZ6IeQGi6F4i0UKPlDqjmNQ8k74fh6Vu88cm1Eou5xkvIgpk MlIsEoWqvjuk/9uuv2yxWv6s1F1sFfQgWWavbLX71BwrKYK2SSGtP1vRSDnGoUTPJpqZcZnlI2pkPetahozE2Qz9edkgvrDEiUaPsUkrn7eyKnsTGTOLSdMcWRWa3NzP9q3QyjepALlWbIFVt8FGWSYEJmt5OB0JyhnFigTAu7K2EjqilDm1DJhuCvnrwO7VrVt3xXqzRul3EU4QzO4RJ8uIIG3EATWsBgDM/wCm9O6rw4787HorXgLGdO4Y+czx+Moo5m</latexit><latexit sha1_base64="sysa1B7MfOcAeDOQcBRRy4HEHpA=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GilJbLTDRMAELmRv2YMNe3uX3TkTvPAjbCw0xtbfY+e/cfkoFHyTTZ68M5OdecNUCoOe9+0UNja3tneKu6W9/YPDo/LxSdskmWa8xRKZ6IeQGi6F4i0UKPlDqjmNQ8k74fh6Vu88cm1Eou5xkvIgpk MlIsEoWqvjuk/9uuv2yxWv6s1F1sFfQgWWavbLX71BwrKYK2SSGtP1vRSDnGoUTPJpqZcZnlI2pkPetahozE2Qz9edkgvrDEiUaPsUkrn7eyKnsTGTOLSdMcWRWa3NzP9q3QyjepALlWbIFVt8FGWSYEJmt5OB0JyhnFigTAu7K2EjqilDm1DJhuCvnrwO7VrVt3xXqzRul3EU4QzO4RJ8uIIG3EATWsBgDM/wCm9O6rw4787HorXgLGdO4Y+czx+Moo5m</latexit> z9<latexit sha1_base64="Tt9vu+grtWDYZvtnnHErifcjjTg=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GrUjsdEOEwETuJC9ZYENe3uX3TkTvPAjbCw0xtbfY+e/cYErFHyTTZ68M5OdecNECoOe9+0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ64eQGi6F4k0UKPlDojmNQsnb4fh6Vm8/cm1ErO5xkvAgok MlBoJRtFbbdZ96V67bK1e8qjcXWQU/hwrkavTKX91+zNKIK2SSGtPxvQSDjGoUTPJpqZsanlA2pkPesahoxE2QzdedkjPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VOikOLoNMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAj+8smr0KpVfct3tUr9No+jCCdwCufgwwXU4QYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9yPn8AjiiOZw==</latexit><latexit sha1_base64="Tt9vu+grtWDYZvtnnHErifcjjTg=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GrUjsdEOEwETuJC9ZYENe3uX3TkTvPAjbCw0xtbfY+e/cYErFHyTTZ68M5OdecNECoOe9+0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ64eQGi6F4k0UKPlDojmNQsnb4fh6Vm8/cm1ErO5xkvAgok MlBoJRtFbbdZ96V67bK1e8qjcXWQU/hwrkavTKX91+zNKIK2SSGtPxvQSDjGoUTPJpqZsanlA2pkPesahoxE2QzdedkjPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VOikOLoNMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAj+8smr0KpVfct3tUr9No+jCCdwCufgwwXU4QYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9yPn8AjiiOZw==</latexit><latexit sha1_base64="Tt9vu+grtWDYZvtnnHErifcjjTg=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GrUjsdEOEwETuJC9ZYENe3uX3TkTvPAjbCw0xtbfY+e/cYErFHyTTZ68M5OdecNECoOe9+0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ64eQGi6F4k0UKPlDojmNQsnb4fh6Vm8/cm1ErO5xkvAgok MlBoJRtFbbdZ96V67bK1e8qjcXWQU/hwrkavTKX91+zNKIK2SSGtPxvQSDjGoUTPJpqZsanlA2pkPesahoxE2QzdedkjPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VOikOLoNMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAj+8smr0KpVfct3tUr9No+jCCdwCufgwwXU4QYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9yPn8AjiiOZw==</latexit><latexit sha1_base64="Tt9vu+grtWDYZvtnnHErifcjjTg=">AAAB7nicbZA9TwJBEIbn8AvxC7W02ciZWJE7GrUjsdEOEwETuJC9ZYENe3uX3TkTvPAjbCw0xtbfY+e/cYErFHyTTZ68M5OdecNECoOe9+0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ64eQGi6F4k0UKPlDojmNQsnb4fh6Vm8/cm1ErO5xkvAgok MlBoJRtFbbdZ96V67bK1e8qjcXWQU/hwrkavTKX91+zNKIK2SSGtPxvQSDjGoUTPJpqZsanlA2pkPesahoxE2QzdedkjPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VOikOLoNMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAj+8smr0KpVfct3tUr9No+jCCdwCufgwwXU4QYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9yPn8AjiiOZw==</latexit>
e8<latexit sha1_base64="REngZWbnT1uECDfIlcMQuxwMEtI=">AAAB7nicdZDLSgMxFIYzXmu9VV26CXYEV2XShZ3uCm50V8FeoB1KJj1tQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkTwbXxvA9nbX1jc2u7sFPc3ds/OCwdHbd1nCoGLRaLWHVDqkFwCS3DjYBuooBGoYBOOL3K8849KM1jeWdmCQQRHU s+4owaa3VcFwa+6w5KZa/ieR4hBOdAapeehXrdrxIfkzyyKqOVmoPSe38YszQCaZigWveIl5ggo8pwJmBe7KcaEsqmdAw9i5JGoINsMe4cn1tniEexsk8avHC/d2Q00noWhbYyomaif2e5+VfWS83IDzIuk9SAZMuPRqnAJsb57njIFTAjZhYoU9zOitmEKsqMvVDRHuFrU/w/tKsVYvm2Wm7crM5RQKfoDF0ggmqoga5RE7UQQ1P0gJ7Qs5M4j86L87osXXNWPSfoh5y3T7lwjoc=</latexit><latexit sha1_base64="REngZWbnT1uECDfIlcMQuxwMEtI=">AAAB7nicdZDLSgMxFIYzXmu9VV26CXYEV2XShZ3uCm50V8FeoB1KJj1tQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkTwbXxvA9nbX1jc2u7sFPc3ds/OCwdHbd1nCoGLRaLWHVDqkFwCS3DjYBuooBGoYBOOL3K8849KM1jeWdmCQQRHU s+4owaa3VcFwa+6w5KZa/ieR4hBOdAapeehXrdrxIfkzyyKqOVmoPSe38YszQCaZigWveIl5ggo8pwJmBe7KcaEsqmdAw9i5JGoINsMe4cn1tniEexsk8avHC/d2Q00noWhbYyomaif2e5+VfWS83IDzIuk9SAZMuPRqnAJsb57njIFTAjZhYoU9zOitmEKsqMvVDRHuFrU/w/tKsVYvm2Wm7crM5RQKfoDF0ggmqoga5RE7UQQ1P0gJ7Qs5M4j86L87osXXNWPSfoh5y3T7lwjoc=</latexit><latexit sha1_base64="REngZWbnT1uECDfIlcMQuxwMEtI=">AAAB7nicdZDLSgMxFIYzXmu9VV26CXYEV2XShZ3uCm50V8FeoB1KJj1tQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkTwbXxvA9nbX1jc2u7sFPc3ds/OCwdHbd1nCoGLRaLWHVDqkFwCS3DjYBuooBGoYBOOL3K8849KM1jeWdmCQQRHU s+4owaa3VcFwa+6w5KZa/ieR4hBOdAapeehXrdrxIfkzyyKqOVmoPSe38YszQCaZigWveIl5ggo8pwJmBe7KcaEsqmdAw9i5JGoINsMe4cn1tniEexsk8avHC/d2Q00noWhbYyomaif2e5+VfWS83IDzIuk9SAZMuPRqnAJsb57njIFTAjZhYoU9zOitmEKsqMvVDRHuFrU/w/tKsVYvm2Wm7crM5RQKfoDF0ggmqoga5RE7UQQ1P0gJ7Qs5M4j86L87osXXNWPSfoh5y3T7lwjoc=</latexit><latexit sha1_base64="REngZWbnT1uECDfIlcMQuxwMEtI=">AAAB7nicdZDLSgMxFIYzXmu9VV26CXYEV2XShZ3uCm50V8FeoB1KJj1tQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkTwbXxvA9nbX1jc2u7sFPc3ds/OCwdHbd1nCoGLRaLWHVDqkFwCS3DjYBuooBGoYBOOL3K8849KM1jeWdmCQQRHU s+4owaa3VcFwa+6w5KZa/ieR4hBOdAapeehXrdrxIfkzyyKqOVmoPSe38YszQCaZigWveIl5ggo8pwJmBe7KcaEsqmdAw9i5JGoINsMe4cn1tniEexsk8avHC/d2Q00noWhbYyomaif2e5+VfWS83IDzIuk9SAZMuPRqnAJsb57njIFTAjZhYoU9zOitmEKsqMvVDRHuFrU/w/tKsVYvm2Wm7crM5RQKfoDF0ggmqoga5RE7UQQ1P0gJ7Qs5M4j86L87osXXNWPSfoh5y3T7lwjoc=</latexit> e9<latexit sha1_base64="6Q0h9zZ5nETEiLQ4LY9lkrN9Hc8=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ER lLHnJKjLW6rsuGDdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7r2jog=</latexit><latexit sha1_base64="6Q0h9zZ5nETEiLQ4LY9lkrN9Hc8=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ER lLHnJKjLW6rsuGDdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7r2jog=</latexit><latexit sha1_base64="6Q0h9zZ5nETEiLQ4LY9lkrN9Hc8=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ER lLHnJKjLW6rsuGDdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7r2jog=</latexit><latexit sha1_base64="6Q0h9zZ5nETEiLQ4LY9lkrN9Hc8=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ER lLHnJKjLW6rsuGDdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7r2jog=</latexit>
e7<latexit sha1_base64="7k0AaKuQ8nM1f8Un1q93VpMvzP4=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ERlLHnJK jLW6rsuGNdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7fqjoY=</latexit><latexit sha1_base64="7k0AaKuQ8nM1f8Un1q93VpMvzP4=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ERlLHnJK jLW6rsuGNdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7fqjoY=</latexit><latexit sha1_base64="7k0AaKuQ8nM1f8Un1q93VpMvzP4=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ERlLHnJK jLW6rsuGNdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7fqjoY=</latexit><latexit sha1_base64="7k0AaKuQ8nM1f8Un1q93VpMvzP4=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ERlLHnJK jLW6rsuGNdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7fqjoY=</latexit>e6<latexit sha1_base64="8gz+Nlnnneso05rPJ0VtOqgLBnY=">AAAB7nicdZDLSgMxFIYz9VbrrerSTbAjuCqTLnrZFdzoroK9QDuUTHqmDc1khiQjlNKHcONCEbc+jzvfxkxbQUV/CHz8/znknBMkgmvjeR9ObmNza3snv1vY2z84PCoen3R0nCoGbRaLWPUCqkFwCW3DjYBeooBGgYBuML3K8u49KM1jeWdmCfgRHU seckaNtbquC8Oq6w6LJa/seR4hBGdAalXPQqNRr5A6JllkVUJrtYbF98EoZmkE0jBBte4TLzH+nCrDmYBFYZBqSCib0jH0LUoagfbny3EX+MI6IxzGyj5p8NL93jGnkdazKLCVETUT/TvLzL+yfmrCuj/nMkkNSLb6KEwFNjHOdscjroAZMbNAmeJ2VswmVFFm7IUK9ghfm+L/oVMpE8u3lVLzZn2OPDpD5+gSEVRDTXSNWqiNGJqiB/SEnp3EeXRenNdVac5Z95yiH3LePgG2ZI6F</latexit><latexit sha1_base64="8gz+Nlnnneso05rPJ0VtOqgLBnY=">AAAB7nicdZDLSgMxFIYz9VbrrerSTbAjuCqTLnrZFdzoroK9QDuUTHqmDc1khiQjlNKHcONCEbc+jzvfxkxbQUV/CHz8/znknBMkgmvjeR9ObmNza3snv1vY2z84PCoen3R0nCoGbRaLWPUCqkFwCW3DjYBeooBGgYBuML3K8u49KM1jeWdmCfgRHU seckaNtbquC8Oq6w6LJa/seR4hBGdAalXPQqNRr5A6JllkVUJrtYbF98EoZmkE0jBBte4TLzH+nCrDmYBFYZBqSCib0jH0LUoagfbny3EX+MI6IxzGyj5p8NL93jGnkdazKLCVETUT/TvLzL+yfmrCuj/nMkkNSLb6KEwFNjHOdscjroAZMbNAmeJ2VswmVFFm7IUK9ghfm+L/oVMpE8u3lVLzZn2OPDpD5+gSEVRDTXSNWqiNGJqiB/SEnp3EeXRenNdVac5Z95yiH3LePgG2ZI6F</latexit><latexit sha1_base64="8gz+Nlnnneso05rPJ0VtOqgLBnY=">AAAB7nicdZDLSgMxFIYz9VbrrerSTbAjuCqTLnrZFdzoroK9QDuUTHqmDc1khiQjlNKHcONCEbc+jzvfxkxbQUV/CHz8/znknBMkgmvjeR9ObmNza3snv1vY2z84PCoen3R0nCoGbRaLWPUCqkFwCW3DjYBeooBGgYBuML3K8u49KM1jeWdmCfgRHU seckaNtbquC8Oq6w6LJa/seR4hBGdAalXPQqNRr5A6JllkVUJrtYbF98EoZmkE0jBBte4TLzH+nCrDmYBFYZBqSCib0jH0LUoagfbny3EX+MI6IxzGyj5p8NL93jGnkdazKLCVETUT/TvLzL+yfmrCuj/nMkkNSLb6KEwFNjHOdscjroAZMbNAmeJ2VswmVFFm7IUK9ghfm+L/oVMpE8u3lVLzZn2OPDpD5+gSEVRDTXSNWqiNGJqiB/SEnp3EeXRenNdVac5Z95yiH3LePgG2ZI6F</latexit><latexit sha1_base64="8gz+Nlnnneso05rPJ0VtOqgLBnY=">AAAB7nicdZDLSgMxFIYz9VbrrerSTbAjuCqTLnrZFdzoroK9QDuUTHqmDc1khiQjlNKHcONCEbc+jzvfxkxbQUV/CHz8/znknBMkgmvjeR9ObmNza3snv1vY2z84PCoen3R0nCoGbRaLWPUCqkFwCW3DjYBeooBGgYBuML3K8u49KM1jeWdmCfgRHU seckaNtbquC8Oq6w6LJa/seR4hBGdAalXPQqNRr5A6JllkVUJrtYbF98EoZmkE0jBBte4TLzH+nCrDmYBFYZBqSCib0jH0LUoagfbny3EX+MI6IxzGyj5p8NL93jGnkdazKLCVETUT/TvLzL+yfmrCuj/nMkkNSLb6KEwFNjHOdscjroAZMbNAmeJ2VswmVFFm7IUK9ghfm+L/oVMpE8u3lVLzZn2OPDpD5+gSEVRDTXSNWqiNGJqiB/SEnp3EeXRenNdVac5Z95yiH3LePgG2ZI6F</latexit>
e5<latexit sha1_base64="3TL6KfivcsuvJuHUqqZaeAK962U=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokBW27K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7TejoQ=</latexit><latexit sha1_base64="3TL6KfivcsuvJuHUqqZaeAK962U=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokBW27K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7TejoQ=</latexit><latexit sha1_base64="3TL6KfivcsuvJuHUqqZaeAK962U=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokBW27K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7TejoQ=</latexit><latexit sha1_base64="3TL6KfivcsuvJuHUqqZaeAK962U=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokBW27K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7TejoQ=</latexit>
e4<latexit sha1_base64="44UjJG+LoOJVPJSzryI0lOCjgKI=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokRWy7K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7NYjoM=</latexit><latexit sha1_base64="44UjJG+LoOJVPJSzryI0lOCjgKI=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokRWy7K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7NYjoM=</latexit><latexit sha1_base64="44UjJG+LoOJVPJSzryI0lOCjgKI=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokRWy7K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7NYjoM=</latexit><latexit sha1_base64="44UjJG+LoOJVPJSzryI0lOCjgKI=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokRWy7K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7NYjoM=</latexit>
e3<latexit sha1_base64="zYWI+n8dtjpdr718zLRmyXWVyec=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokFWy7K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7HSjoI=</latexit><latexit sha1_base64="zYWI+n8dtjpdr718zLRmyXWVyec=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokFWy7K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7HSjoI=</latexit><latexit sha1_base64="zYWI+n8dtjpdr718zLRmyXWVyec=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokFWy7K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7HSjoI=</latexit><latexit sha1_base64="zYWI+n8dtjpdr718zLRmyXWVyec=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8GO4KokFWy7K7jRXQV7gXYomTRtQzMXkoxQhj6EGxeKuPV53Pk2ZtoKKvpD4OP/zyHnHD+WQhuMP5zc2vrG5lZ+u7Czu7d/UDw8ausoUYy3WCQj1fWp5lKEvGWEkbwbK04DX/KOP73K8s49V1pE4Z2ZxdwL6D gUI8GosVbHdfngwnUHxRIuY4wJISgDUr3EFur1WoXUEMkiqxKs1BwU3/vDiCUBDw2TVOsewbHxUqqMYJLPC/1E85iyKR3znsWQBlx76WLcOTqzzhCNImVfaNDC/d6R0kDrWeDbyoCaif6dZeZfWS8xo5qXijBODA/Z8qNRIpGJULY7GgrFmZEzC5QpYWdFbEIVZcZeqGCP8LUp+h/alTKxfFspNW5W58jDCZzCORCoQgOuoQktYDCFB3iCZyd2Hp0X53VZmnNWPcfwQ87bJ7HSjoI=</latexit>
e2<latexit sha1_base64="yHxm5SZ4pLeurhl7PUftZ9QTKLQ=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ER lLHnJKjLW6rsuGVdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7BMjoE=</latexit><latexit sha1_base64="yHxm5SZ4pLeurhl7PUftZ9QTKLQ=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ER lLHnJKjLW6rsuGVdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7BMjoE=</latexit><latexit sha1_base64="yHxm5SZ4pLeurhl7PUftZ9QTKLQ=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ER lLHnJKjLW6rsuGVdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7BMjoE=</latexit><latexit sha1_base64="yHxm5SZ4pLeurhl7PUftZ9QTKLQ=">AAAB7nicdZDLSgMxFIbPeK31VnXpJtgRXJVJF7bdFdzoroK9QDuUTJppQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCrK2jQWseoFRDPBJWsbbgTrJYqRKBCsG0yv8rx7z5Tmsbwzs4T5ER lLHnJKjLW6rsuGVdcdlspexfM8jDHKAdcuPQuNRr2K6wjnkVUZVmoNS++DUUzTiElDBdG6j73E+BlRhlPB5sVBqllC6JSMWd+iJBHTfrYYd47OrTNCYazskwYt3O8dGYm0nkWBrYyImejfWW7+lfVTE9b9jMskNUzS5UdhKpCJUb47GnHFqBEzC4QqbmdFdEIUocZeqGiP8LUp+h861Qq2fFstN29W5yjAKZzBBWCoQROuoQVtoDCFB3iCZydxHp0X53VZuuasek7gh5y3T7BMjoE=</latexit>
e1<latexit sha1_base64="BOX2hMrNAXQT9CdcTE+qdENHjKk=">AAAB7nicdZDLSgMxFIYzXmu9VV26CXYEV2XShW13BTe6q2Av0A4lk55pQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCoGbRaLWPUCqkFwCW3DjYBeooBGgYBuML3K8+49KM1jeWdmCfgRHU seckaNtbquC0PiusNS2at4nkcIwTmQ2qVnodGoV0kdkzyyKqOVWsPS+2AUszQCaZigWveJlxg/o8pwJmBeHKQaEsqmdAx9i5JGoP1sMe4cn1tnhMNY2ScNXrjfOzIaaT2LAlsZUTPRv7Pc/Cvrpyas+xmXSWpAsuVHYSqwiXG+Ox5xBcyImQXKFLezYjahijJjL1S0R/jaFP8PnWqFWL6tlps3q3MU0Ck6QxeIoBpqomvUQm3E0BQ9oCf07CTOo/PivC5L15xVzwn6IeftE67GjoA=</latexit><latexit sha1_base64="BOX2hMrNAXQT9CdcTE+qdENHjKk=">AAAB7nicdZDLSgMxFIYzXmu9VV26CXYEV2XShW13BTe6q2Av0A4lk55pQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCoGbRaLWPUCqkFwCW3DjYBeooBGgYBuML3K8+49KM1jeWdmCfgRHU seckaNtbquC0PiusNS2at4nkcIwTmQ2qVnodGoV0kdkzyyKqOVWsPS+2AUszQCaZigWveJlxg/o8pwJmBeHKQaEsqmdAx9i5JGoP1sMe4cn1tnhMNY2ScNXrjfOzIaaT2LAlsZUTPRv7Pc/Cvrpyas+xmXSWpAsuVHYSqwiXG+Ox5xBcyImQXKFLezYjahijJjL1S0R/jaFP8PnWqFWL6tlps3q3MU0Ck6QxeIoBpqomvUQm3E0BQ9oCf07CTOo/PivC5L15xVzwn6IeftE67GjoA=</latexit><latexit sha1_base64="BOX2hMrNAXQT9CdcTE+qdENHjKk=">AAAB7nicdZDLSgMxFIYzXmu9VV26CXYEV2XShW13BTe6q2Av0A4lk55pQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCoGbRaLWPUCqkFwCW3DjYBeooBGgYBuML3K8+49KM1jeWdmCfgRHU seckaNtbquC0PiusNS2at4nkcIwTmQ2qVnodGoV0kdkzyyKqOVWsPS+2AUszQCaZigWveJlxg/o8pwJmBeHKQaEsqmdAx9i5JGoP1sMe4cn1tnhMNY2ScNXrjfOzIaaT2LAlsZUTPRv7Pc/Cvrpyas+xmXSWpAsuVHYSqwiXG+Ox5xBcyImQXKFLezYjahijJjL1S0R/jaFP8PnWqFWL6tlps3q3MU0Ck6QxeIoBpqomvUQm3E0BQ9oCf07CTOo/PivC5L15xVzwn6IeftE67GjoA=</latexit><latexit sha1_base64="BOX2hMrNAXQT9CdcTE+qdENHjKk=">AAAB7nicdZDLSgMxFIYzXmu9VV26CXYEV2XShW13BTe6q2Av0A4lk55pQzOZIckIZehDuHGhiFufx51vY6atoKI/BD7+/xxyzgkSwbXxvA9nbX1jc2u7sFPc3ds/OCwdHXd0nCoGbRaLWPUCqkFwCW3DjYBeooBGgYBuML3K8+49KM1jeWdmCfgRHU seckaNtbquC0PiusNS2at4nkcIwTmQ2qVnodGoV0kdkzyyKqOVWsPS+2AUszQCaZigWveJlxg/o8pwJmBeHKQaEsqmdAx9i5JGoP1sMe4cn1tnhMNY2ScNXrjfOzIaaT2LAlsZUTPRv7Pc/Cvrpyas+xmXSWpAsuVHYSqwiXG+Ox5xBcyImQXKFLezYjahijJjL1S0R/jaFP8PnWqFWL6tlps3q3MU0Ck6QxeIoBpqomvUQm3E0BQ9oCf07CTOo/PivC5L15xVzwn6IeftE67GjoA=</latexit>
(1)
<latexit sha1_base64="hGorUSKPEX2pjUgCgLPz+/BN5NQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBrNCvITZQDS5BbzoLYJ5QLKE2clsMmT2wcysEJZ8hBcPinj1e7z5N06SFVS0oKGo6qa7y4sFVxrjDyu3tr6xuZXfLuzs7u0fFA+POipKJGVtGolI9jyimOAha2uuBevFkpHAE6zrTa8WfveeScWj8E7PYuYGZBxyn1OijdS17bJzbtvDYglXq jXcqGOEK3gJQ2rYaVw4yMmUEmRoDYvvg1FEk4CFmgqiVN/BsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLT5blzdGaUEfIjaSrUaKl+n0hJoNQs8ExnQPRE/fYW4l9eP9F+3U15GCeahXS1yE8E0hFa/I5GXDKqxcwQQiU3tyI6IZJQbRIqmBC+PkX/k0614hh+Wy01b7I48nACp1AGBy6hCdfQgjZQmMIDPMGzFVuP1ov1umrNWdnMMfyA9fYJ9IWOBQ==</latexit><latexit sha1_base64="hGorUSKPEX2pjUgCgLPz+/BN5NQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBrNCvITZQDS5BbzoLYJ5QLKE2clsMmT2wcysEJZ8hBcPinj1e7z5N06SFVS0oKGo6qa7y4sFVxrjDyu3tr6xuZXfLuzs7u0fFA+POipKJGVtGolI9jyimOAha2uuBevFkpHAE6zrTa8WfveeScWj8E7PYuYGZBxyn1OijdS17bJzbtvDYglXq jXcqGOEK3gJQ2rYaVw4yMmUEmRoDYvvg1FEk4CFmgqiVN/BsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLT5blzdGaUEfIjaSrUaKl+n0hJoNQs8ExnQPRE/fYW4l9eP9F+3U15GCeahXS1yE8E0hFa/I5GXDKqxcwQQiU3tyI6IZJQbRIqmBC+PkX/k0614hh+Wy01b7I48nACp1AGBy6hCdfQgjZQmMIDPMGzFVuP1ov1umrNWdnMMfyA9fYJ9IWOBQ==</latexit><latexit sha1_base64="hGorUSKPEX2pjUgCgLPz+/BN5NQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBrNCvITZQDS5BbzoLYJ5QLKE2clsMmT2wcysEJZ8hBcPinj1e7z5N06SFVS0oKGo6qa7y4sFVxrjDyu3tr6xuZXfLuzs7u0fFA+POipKJGVtGolI9jyimOAha2uuBevFkpHAE6zrTa8WfveeScWj8E7PYuYGZBxyn1OijdS17bJzbtvDYglXq jXcqGOEK3gJQ2rYaVw4yMmUEmRoDYvvg1FEk4CFmgqiVN/BsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLT5blzdGaUEfIjaSrUaKl+n0hJoNQs8ExnQPRE/fYW4l9eP9F+3U15GCeahXS1yE8E0hFa/I5GXDKqxcwQQiU3tyI6IZJQbRIqmBC+PkX/k0614hh+Wy01b7I48nACp1AGBy6hCdfQgjZQmMIDPMGzFVuP1ov1umrNWdnMMfyA9fYJ9IWOBQ==</latexit><latexit sha1_base64="hGorUSKPEX2pjUgCgLPz+/BN5NQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBrNCvITZQDS5BbzoLYJ5QLKE2clsMmT2wcysEJZ8hBcPinj1e7z5N06SFVS0oKGo6qa7y4sFVxrjDyu3tr6xuZXfLuzs7u0fFA+POipKJGVtGolI9jyimOAha2uuBevFkpHAE6zrTa8WfveeScWj8E7PYuYGZBxyn1OijdS17bJzbtvDYglXq jXcqGOEK3gJQ2rYaVw4yMmUEmRoDYvvg1FEk4CFmgqiVN/BsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLT5blzdGaUEfIjaSrUaKl+n0hJoNQs8ExnQPRE/fYW4l9eP9F+3U15GCeahXS1yE8E0hFa/I5GXDKqxcwQQiU3tyI6IZJQbRIqmBC+PkX/k0614hh+Wy01b7I48nACp1AGBy6hCdfQgjZQmMIDPMGzFVuP1ov1umrNWdnMMfyA9fYJ9IWOBQ==</latexit> (2)
<latexit sha1_base64="5wNglnKlMpjML5haeZ8/uyx0jsc=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBrNCvITZhWhyC3jRWwTzgGQJs5PZZMjsg5lZIYR8hBcPinj1e7z5N06SFVS0oKGo6qa7y08EVxrjDyu3tr6xuZXfLuzs7u0fFA+P2ipOJWUtGotYdn2imOARa2muBesmkpHQF6zjT64WfueeScXj6E5PE+aFZBTxgFOijdSx7bJ7btuDYglX3 Cqu1zDCFbyEIVXs1C8c5GRKCTI0B8X3/jCmacgiTQVRqufgRHszIjWngs0L/VSxhNAJGbGeoREJmfJmy3Pn6MwoQxTE0lSk0VL9PjEjoVLT0DedIdFj9dtbiH95vVQHNW/GoyTVLKKrRUEqkI7R4nc05JJRLaaGECq5uRXRMZGEapNQwYTw9Sn6n7TdimP4rVtq3GRx5OEETqEMDlxCA66hCS2gMIEHeIJnK7EerRfrddWas7KZY/gB6+0T9gyOBg==</latexit><latexit sha1_base64="5wNglnKlMpjML5haeZ8/uyx0jsc=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBrNCvITZhWhyC3jRWwTzgGQJs5PZZMjsg5lZIYR8hBcPinj1e7z5N06SFVS0oKGo6qa7y08EVxrjDyu3tr6xuZXfLuzs7u0fFA+P2ipOJWUtGotYdn2imOARa2muBesmkpHQF6zjT64WfueeScXj6E5PE+aFZBTxgFOijdSx7bJ7btuDYglX3 Cqu1zDCFbyEIVXs1C8c5GRKCTI0B8X3/jCmacgiTQVRqufgRHszIjWngs0L/VSxhNAJGbGeoREJmfJmy3Pn6MwoQxTE0lSk0VL9PjEjoVLT0DedIdFj9dtbiH95vVQHNW/GoyTVLKKrRUEqkI7R4nc05JJRLaaGECq5uRXRMZGEapNQwYTw9Sn6n7TdimP4rVtq3GRx5OEETqEMDlxCA66hCS2gMIEHeIJnK7EerRfrddWas7KZY/gB6+0T9gyOBg==</latexit><latexit sha1_base64="5wNglnKlMpjML5haeZ8/uyx0jsc=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBrNCvITZhWhyC3jRWwTzgGQJs5PZZMjsg5lZIYR8hBcPinj1e7z5N06SFVS0oKGo6qa7y08EVxrjDyu3tr6xuZXfLuzs7u0fFA+P2ipOJWUtGotYdn2imOARa2muBesmkpHQF6zjT64WfueeScXj6E5PE+aFZBTxgFOijdSx7bJ7btuDYglX3 Cqu1zDCFbyEIVXs1C8c5GRKCTI0B8X3/jCmacgiTQVRqufgRHszIjWngs0L/VSxhNAJGbGeoREJmfJmy3Pn6MwoQxTE0lSk0VL9PjEjoVLT0DedIdFj9dtbiH95vVQHNW/GoyTVLKKrRUEqkI7R4nc05JJRLaaGECq5uRXRMZGEapNQwYTw9Sn6n7TdimP4rVtq3GRx5OEETqEMDlxCA66hCS2gMIEHeIJnK7EerRfrddWas7KZY/gB6+0T9gyOBg==</latexit><latexit sha1_base64="5wNglnKlMpjML5haeZ8/uyx0jsc=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBrNCvITZhWhyC3jRWwTzgGQJs5PZZMjsg5lZIYR8hBcPinj1e7z5N06SFVS0oKGo6qa7y08EVxrjDyu3tr6xuZXfLuzs7u0fFA+P2ipOJWUtGotYdn2imOARa2muBesmkpHQF6zjT64WfueeScXj6E5PE+aFZBTxgFOijdSx7bJ7btuDYglX3 Cqu1zDCFbyEIVXs1C8c5GRKCTI0B8X3/jCmacgiTQVRqufgRHszIjWngs0L/VSxhNAJGbGeoREJmfJmy3Pn6MwoQxTE0lSk0VL9PjEjoVLT0DedIdFj9dtbiH95vVQHNW/GoyTVLKKrRUEqkI7R4nc05JJRLaaGECq5uRXRMZGEapNQwYTw9Sn6n7TdimP4rVtq3GRx5OEETqEMDlxCA66hCS2gMIEHeIJnK7EerRfrddWas7KZY/gB6+0T9gyOBg==</latexit>
Figure 2: An illustration for an efficient com-
putation for FlowAlign. Given ν = b1δz1 +
b2δz6 + b3δz7 + b4δz4 + b5δz9 , when the new
root r¯z = z3 (z3 is in the subtree rooted
at z3, and not containing any supports of
ν), the order of dT(rz, zi) |zi∈ν is the same
as that of dT(z3, zi) |zi∈ν , and dT(z3, zi) =
dT(rz, zi) + dT(rz, z3),∀zi ∈ ν (Case 1: the
left-bottom tree). When the new root r¯z = z2
(z2 is in the subtree rooted at z2, and contain-
ing supports Ων = {z6, z7} in ν), the order
of dT(rz, zi) |zi∈ν,zi /∈Ων is the same as that
of dT(z3, zi) |zi∈ν,zi /∈Ων , and dT(z2, zi) =
dT(rz, zi) + dT(rz, z3),∀zi ∈ ν, zi /∈ Ων
(Case 2: the right-bottom tree).
Case 1: r¯z is in the subtree rooted at a node in S(rz),
which does not contain any supports in ν, illustrated
in the left-bottom tree of Fig. 2. Then, ∀zi in ν,
we have dTZ (r¯z, zi) = dTZ (rz, zi) + dTZ (r¯z, rz).
Therefore, the path-length order is preserved.
Case 2: r¯z is in the subtree rooted at a node in S(rz),
containing some supports in ν, denoted as Ων , il-
lustrated in the right-bottom tree of Fig. 2. Then,
∀zj in ν, except zi ∈ Ων , we have dTZ (r¯z, zj) =
dTZ (rz, zj) + dTZ (r¯z, rz). Thus, the path-length or-
der (except those for zi ∈ Ων) is preserved. For sup-
ports in Ων (illustrated in the supplementary (§B)),
there are three following sub-cases:
• Case 2a: For supports zi ∈ Ων which
r¯z ∈ P(rz, zi), then dTZ (r¯z, zi) = dTZ (rz, zi) −
dTZ (rz, r¯z). So, the path-length order of those sup-
ports are preserved.
• Case 2b: For supports zi ∈ Ων which
zi ∈ P(rz, r¯z), then dTZ (r¯z, zi) = dTZ (rz, r¯z) −
dTZ (rz, zi). Therefore, the path-length order of
those supports are reversed.
• Case 2c: For supports zi ∈ Ων which r¯z /∈ P(rz, zi) and zi /∈ P(rz, r¯z), then one needs to find
the corresponding closest common ancestor ζi of r¯z and zi, i.e., ζi is on both paths P(rz, r¯z) and
P(rz, zi), and dTZ (r¯z, zi) = dTZ (rz, r¯z) + dTZ (rz, zi) − 2dTZ (rz, ζi). Note that the path-length
order of supports having the same ζi is preserved.
Therefore, one only needs to merge these ordered arrays with the complexity nearly O(N) (except
the degenerated case where each array has only one node).
From the above observation, one may not need to sort for tree metrics between r¯z and each support
in ν by leveraging the sorted order of the tree metrics between rz and each support. Moreover, those
2More details about (aligned-root) FlowAlign complexity are given in §3.3, and in the supplementary (§C).
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computational steps can be done separately for each tree. Therefore, the complexity of Af reduces
from O(N3logN) into nearly O(N2). More details can be seen in the supplementary (§C).
3.3 Aligned-root FlowAlign
We consider a special case of FlowAlign where roots have been already aligned. Therefore, we can
leave out minimization step with roots in Def. 1, and name it as aligned-root FlowAlign.
Definition 2. Assume that root rx in TX is aligned with root rz in TZ . Then, the aligned-root
Flow-based Alignment discrepancy between µ and ν is defined as follow:
Â2f (µ, ν; rx, rz) := min
T∈Π(µ,ν)
∑
i,j
|dTX (rx, xi)− dTZ (rz, zj)|2 Tij . (3)
The Âf in Eq. (3) is equivalent to the univariate Wasserstein distance between µ˜ :=
∑
i aiδdTX (rx,xi)
and ν˜ :=
∑
j bjδdTZ (rz,zj), which is equal to the integral of the absolute difference between the
generalized quantile functions of these two univariate probability distributions [48] (§2). Therefore,
one only needs to sort flow lengths dTX (rx, xi) |i, and dTZ (rz, zj) |j for the computation of Âf , i.e.,
linearithmic complexity. Due to sharing the same structure as a univariate Wasserstein distance, Âf
inherits the same properties as those of the univariate Wasserstein distance. More precisely, Âf is
symmetric and satisfies the triangle inequality. Additionally, Âf (µ, ν; rx, rz) = 0 is equivalent to
µ˜ ≡ ν˜. See the supplementary (§B) for its illustration.
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e6
<latexit sha1_base64="zeJ9ZUZRw+2V589bB4LCiEhB00E=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CbaCp5JUUI8VLx4r2FpoQ9hsJ+3SzSbsboQQ4l/x4kERr/4Qb/4bt2kO2vpg4PHezM7O82NGpb Ltb6Oytr6xuVXdru3s7u0fmIdHfRklgkCPRCwSAx9LYJRDT1HFYBALwKHP4MGf3cz9h0cQkkb8XqUxuCGecBpQgpWWPLOejYpHMp8lkDfBu2jmntmwW3YBa5U4JWmgEl3P/BqNI5KEwBVhWMqhY8fKzbBQlDDIa6NEQozJDE9gqCnHIUg3K/bm1qlWxlYQCV1cWYX6eyLDoZRp6OvOEKupXPbm4n/eMFHBlZtRHicKOFksChJmqciaJ2GNqQCiWKoJJoLqv1pkigUmSudV0yE4yyevkn675Zy32nftRue6jKOKjtEJO kMOukQddIu6qIcIStEzekVvxpPxYrwbH4vWilHO1NEfGJ8/pliUvw==</latexit>
e7
<latexit sha1_base64="B99tlofNjCLKNddG9rFFEsTR0Es=">AAAB/HicbVA9T8MwEHXKVylfgY4sES0SU5WUoYxFLIxFoi1SG0WOe2mtOk5kO0hRFP4KCwMIsfJD2Pg3uGkGaHnSSU/v3fl8z48Zlc q2v43KxubW9k51t7a3f3B4ZB6fDGSUCAJ9ErFIPPhYAqMc+ooqBg+xABz6DIb+/GbhDx9BSBrxe5XG4IZ4ymlACVZa8sx6Ni4eyXyWQN4Er9PMPbNht+wC1jpxStJAJXqe+TWeRCQJgSvCsJQjx46Vm2GhKGGQ18aJhBiTOZ7CSFOOQ5BuVuzNrXOtTKwgErq4sgr190SGQynT0NedIVYzueotxP+8UaKCKzejPE4UcLJcFCTMUpG1SMKaUAFEsVQTTATVf7XIDAtMlM6rpkNwVk9eJ4N2y7lste/aje51GUcVnaIzd IEc1EFddIt6qI8IStEzekVvxpPxYrwbH8vWilHO1NEfGJ8/p96UwA==</latexit>
rx
<latexit sha1_base64="tXcn3Yntc9XCQztu/m4BZWRDKzs=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCqqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/R8mOtw==</latexit><latexit sha1_base64="tXcn3Yntc9XCQztu/m4BZWRDKzs=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCqqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/R8mOtw==</latexit><latexit sha1_base64="tXcn3Yntc9XCQztu/m4BZWRDKzs=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCqqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/R8mOtw==</latexit><latexit sha1_base64="tXcn3Yntc9XCQztu/m4BZWRDKzs=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCqqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/R8mOtw==</latexit>
rz
<latexit sha1_base64="1cstdBO2optPa8ya+Ju8GRqrCHM=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/SteOuQ==</latexit><latexit sha1_base64="1cstdBO2optPa8ya+Ju8GRqrCHM=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/SteOuQ==</latexit><latexit sha1_base64="1cstdBO2optPa8ya+Ju8GRqrCHM=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/SteOuQ==</latexit><latexit sha1_base64="1cstdBO2optPa8ya+Ju8GRqrCHM=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/SteOuQ==</latexit>
z2
<latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7 SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kT ZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAUJYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit><latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7 SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kT ZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAUJYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit><latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7 SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kT ZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAUJYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit><latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7 SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kT ZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAUJYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit>
z3
<latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ 5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozh R9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ 5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozh R9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ 5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozh R9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ 5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozh R9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit>
z4
<latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZI ckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZw o+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit><latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZI ckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZw o+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit><latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZI ckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZw o+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit><latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZI ckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGGU7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZw o+6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit> z6
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<latexit sha1_base64="Xkk7kzfBcEd+CIrHriCVz1FkFXs=">AAACBHicdZDLSgMxFIYzXut4G3XZTbAVXZVJF7bdFdzoroK9QFtKJj1tQzMXkoxQhlm48VXcuFDErQ/hzrcx01ZQ0QOBj/8/Jyf5vUhwpV33w1pZXVvf2Mxt2ds7u3v7zsFhS4WxZNBkoQhl x6MKBA+gqbkW0IkkUN8T0PamF5nfvgWpeBjc6FkEfZ+OAz7ijGojDZx8sWgnvfk9iSdiSHEC6emgktrF4sApuCXXdQkhOANSOXcN1GrVMqliklmmCmhZjYHz3huGLPYh0ExQpbrEjXQ/oVJzJiC1e7GCiLIpHUPXYEB9UP1kvjzFJ0YZ4lEozQk0nqvfJxLqKzXzPdPpUz1Rv71M/MvrxnpU7Sc8iGINAVssGsUC6xBnieAhl8C0mBmgTHLzVswmVFKmTW62CeHrp/h/aJVLxPB1uVC/WsaRQ3l0jM4QQRVUR5eogZqIoTv0gJ7Qs3VvPVov1uuidcVazhyhH2W9fQLAEZbl</latexit><latexit sha1_base64="Xkk7kzfBcEd+CIrHriCVz1FkFXs=">AAACBHicdZDLSgMxFIYzXut4G3XZTbAVXZVJF7bdFdzoroK9QFtKJj1tQzMXkoxQhlm48VXcuFDErQ/hzrcx01ZQ0QOBj/8/Jyf5vUhwpV33w1pZXVvf2Mxt2ds7u3v7zsFhS4WxZNBkoQhl x6MKBA+gqbkW0IkkUN8T0PamF5nfvgWpeBjc6FkEfZ+OAz7ijGojDZx8sWgnvfk9iSdiSHEC6emgktrF4sApuCXXdQkhOANSOXcN1GrVMqliklmmCmhZjYHz3huGLPYh0ExQpbrEjXQ/oVJzJiC1e7GCiLIpHUPXYEB9UP1kvjzFJ0YZ4lEozQk0nqvfJxLqKzXzPdPpUz1Rv71M/MvrxnpU7Sc8iGINAVssGsUC6xBnieAhl8C0mBmgTHLzVswmVFKmTW62CeHrp/h/aJVLxPB1uVC/WsaRQ3l0jM4QQRVUR5eogZqIoTv0gJ7Qs3VvPVov1uuidcVazhyhH2W9fQLAEZbl</latexit><latexit sha1_base64="Xkk7kzfBcEd+CIrHriCVz1FkFXs=">AAACBHicdZDLSgMxFIYzXut4G3XZTbAVXZVJF7bdFdzoroK9QFtKJj1tQzMXkoxQhlm48VXcuFDErQ/hzrcx01ZQ0QOBj/8/Jyf5vUhwpV33w1pZXVvf2Mxt2ds7u3v7zsFhS4WxZNBkoQhl x6MKBA+gqbkW0IkkUN8T0PamF5nfvgWpeBjc6FkEfZ+OAz7ijGojDZx8sWgnvfk9iSdiSHEC6emgktrF4sApuCXXdQkhOANSOXcN1GrVMqliklmmCmhZjYHz3huGLPYh0ExQpbrEjXQ/oVJzJiC1e7GCiLIpHUPXYEB9UP1kvjzFJ0YZ4lEozQk0nqvfJxLqKzXzPdPpUz1Rv71M/MvrxnpU7Sc8iGINAVssGsUC6xBnieAhl8C0mBmgTHLzVswmVFKmTW62CeHrp/h/aJVLxPB1uVC/WsaRQ3l0jM4QQRVUR5eogZqIoTv0gJ7Qs3VvPVov1uuidcVazhyhH2W9fQLAEZbl</latexit><latexit sha1_base64="Xkk7kzfBcEd+CIrHriCVz1FkFXs=">AAACBHicdZDLSgMxFIYzXut4G3XZTbAVXZVJF7bdFdzoroK9QFtKJj1tQzMXkoxQhlm48VXcuFDErQ/hzrcx01ZQ0QOBj/8/Jyf5vUhwpV33w1pZXVvf2Mxt2ds7u3v7zsFhS4WxZNBkoQhl x6MKBA+gqbkW0IkkUN8T0PamF5nfvgWpeBjc6FkEfZ+OAz7ijGojDZx8sWgnvfk9iSdiSHEC6emgktrF4sApuCXXdQkhOANSOXcN1GrVMqliklmmCmhZjYHz3huGLPYh0ExQpbrEjXQ/oVJzJiC1e7GCiLIpHUPXYEB9UP1kvjzFJ0YZ4lEozQk0nqvfJxLqKzXzPdPpUz1Rv71M/MvrxnpU7Sc8iGINAVssGsUC6xBnieAhl8C0mBmgTHLzVswmVFKmTW62CeHrp/h/aJVLxPB1uVC/WsaRQ3l0jM4QQRVUR5eogZqIoTv0gJ7Qs3VvPVov1uuidcVazhyhH2W9fQLAEZbl</latexit>
TZ
<latexit sha1_base64="HvE7yID17lrnZfDuyg7b/0BTMrM=">AAAB/nicbVDLSsNAFL3xWeMrKq7cBBvBVUm60WXBje4q9IVtCJPppB06mYSZiVBCwV9x40IRt36HO//GSZuFth4YOJxzL/fMCVNGpXLdb2NtfWNza7uyY+7u7R8cWkfHHZlkApM2Tlg ieiGShFFO2ooqRnqpICgOGemGk5vC7z4SIWnCW2qaEj9GI04jipHSUmCdOo45iJEaY8Ty1izIH2am4wRW1a25c9irxCtJFUo0A+trMExwFhOuMENS9j03VX6OhKKYkZk5yCRJEZ6gEelrylFMpJ/P48/sC60M7SgR+nFlz9XfGzmKpZzGoZ4sksplrxD/8/qZiq79nPI0U4TjxaEoY7ZK7KILe0gFwYpNNUFYUJ3VxmMkEFa6MVOX4C1/eZV06jVP8/t6tXFX1lGBMziHS/DgChpwC01oA4YcnuEV3own48V4Nz4Wo2tGuXMCf2B8/gAvx5RZ</latexit><latexit sha1_base64="HvE7yID17lrnZfDuyg7b/0BTMrM=">AAAB/nicbVDLSsNAFL3xWeMrKq7cBBvBVUm60WXBje4q9IVtCJPppB06mYSZiVBCwV9x40IRt36HO//GSZuFth4YOJxzL/fMCVNGpXLdb2NtfWNza7uyY+7u7R8cWkfHHZlkApM2Tlg ieiGShFFO2ooqRnqpICgOGemGk5vC7z4SIWnCW2qaEj9GI04jipHSUmCdOo45iJEaY8Ty1izIH2am4wRW1a25c9irxCtJFUo0A+trMExwFhOuMENS9j03VX6OhKKYkZk5yCRJEZ6gEelrylFMpJ/P48/sC60M7SgR+nFlz9XfGzmKpZzGoZ4sksplrxD/8/qZiq79nPI0U4TjxaEoY7ZK7KILe0gFwYpNNUFYUJ3VxmMkEFa6MVOX4C1/eZV06jVP8/t6tXFX1lGBMziHS/DgChpwC01oA4YcnuEV3own48V4Nz4Wo2tGuXMCf2B8/gAvx5RZ</latexit><latexit sha1_base64="HvE7yID17lrnZfDuyg7b/0BTMrM=">AAAB/nicbVDLSsNAFL3xWeMrKq7cBBvBVUm60WXBje4q9IVtCJPppB06mYSZiVBCwV9x40IRt36HO//GSZuFth4YOJxzL/fMCVNGpXLdb2NtfWNza7uyY+7u7R8cWkfHHZlkApM2Tlg ieiGShFFO2ooqRnqpICgOGemGk5vC7z4SIWnCW2qaEj9GI04jipHSUmCdOo45iJEaY8Ty1izIH2am4wRW1a25c9irxCtJFUo0A+trMExwFhOuMENS9j03VX6OhKKYkZk5yCRJEZ6gEelrylFMpJ/P48/sC60M7SgR+nFlz9XfGzmKpZzGoZ4sksplrxD/8/qZiq79nPI0U4TjxaEoY7ZK7KILe0gFwYpNNUFYUJ3VxmMkEFa6MVOX4C1/eZV06jVP8/t6tXFX1lGBMziHS/DgChpwC01oA4YcnuEV3own48V4Nz4Wo2tGuXMCf2B8/gAvx5RZ</latexit><latexit sha1_base64="HvE7yID17lrnZfDuyg7b/0BTMrM=">AAAB/nicbVDLSsNAFL3xWeMrKq7cBBvBVUm60WXBje4q9IVtCJPppB06mYSZiVBCwV9x40IRt36HO//GSZuFth4YOJxzL/fMCVNGpXLdb2NtfWNza7uyY+7u7R8cWkfHHZlkApM2Tlg ieiGShFFO2ooqRnqpICgOGemGk5vC7z4SIWnCW2qaEj9GI04jipHSUmCdOo45iJEaY8Ty1izIH2am4wRW1a25c9irxCtJFUo0A+trMExwFhOuMENS9j03VX6OhKKYkZk5yCRJEZ6gEelrylFMpJ/P48/sC60M7SgR+nFlz9XfGzmKpZzGoZ4sksplrxD/8/qZiq79nPI0U4TjxaEoY7ZK7KILe0gFwYpNNUFYUJ3VxmMkEFa6MVOX4C1/eZV06jVP8/t6tXFX1lGBMziHS/DgChpwC01oA4YcnuEV3own48V4Nz4Wo2tGuXMCf2B8/gAvx5RZ</latexit>
TX
<latexit sha1_base64="cNLltzA/KHJ9iFQg0uXk/WQSSoM=">AAAB/nicbVDLSsNAFL2prxpfUXHlJtgIrkrSjS4LbnRXoS9oQ5hMJ+3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpgyKpXrfhuVjc2t7Z3qrrm3f3B4ZB2fdGWSCUw6OGGJ6I dIEkY56SiqGOmngqA4ZKQXTm8Lv/dIhKQJb6tZSvwYjTmNKEZKS4F15jjmMEZqghHL2/Mg789Nxwmsmlt3F7DXiVeSGpRoBdbXcJTgLCZcYYakHHhuqvwcCUUxI3NzmEmSIjxFYzLQlKOYSD9fxJ/bl1oZ2VEi9OPKXqi/N3IUSzmLQz1ZJJWrXiH+5w0yFd34OeVppgjHy0NRxmyV2EUX9ogKghWbaYKwoDqrjSdIIKx0Y6YuwVv98jrpNuqe5g+NWvO+rKMK53ABV+DBNTThDlrQAQw5PMMrvBlPxovxbnwsRytGuXMKf2B8/gAst5RX</latexit><latexit sha1_base64="cNLltzA/KHJ9iFQg0uXk/WQSSoM=">AAAB/nicbVDLSsNAFL2prxpfUXHlJtgIrkrSjS4LbnRXoS9oQ5hMJ+3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpgyKpXrfhuVjc2t7Z3qrrm3f3B4ZB2fdGWSCUw6OGGJ6I dIEkY56SiqGOmngqA4ZKQXTm8Lv/dIhKQJb6tZSvwYjTmNKEZKS4F15jjmMEZqghHL2/Mg789Nxwmsmlt3F7DXiVeSGpRoBdbXcJTgLCZcYYakHHhuqvwcCUUxI3NzmEmSIjxFYzLQlKOYSD9fxJ/bl1oZ2VEi9OPKXqi/N3IUSzmLQz1ZJJWrXiH+5w0yFd34OeVppgjHy0NRxmyV2EUX9ogKghWbaYKwoDqrjSdIIKx0Y6YuwVv98jrpNuqe5g+NWvO+rKMK53ABV+DBNTThDlrQAQw5PMMrvBlPxovxbnwsRytGuXMKf2B8/gAst5RX</latexit><latexit sha1_base64="cNLltzA/KHJ9iFQg0uXk/WQSSoM=">AAAB/nicbVDLSsNAFL2prxpfUXHlJtgIrkrSjS4LbnRXoS9oQ5hMJ+3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpgyKpXrfhuVjc2t7Z3qrrm3f3B4ZB2fdGWSCUw6OGGJ6I dIEkY56SiqGOmngqA4ZKQXTm8Lv/dIhKQJb6tZSvwYjTmNKEZKS4F15jjmMEZqghHL2/Mg789Nxwmsmlt3F7DXiVeSGpRoBdbXcJTgLCZcYYakHHhuqvwcCUUxI3NzmEmSIjxFYzLQlKOYSD9fxJ/bl1oZ2VEi9OPKXqi/N3IUSzmLQz1ZJJWrXiH+5w0yFd34OeVppgjHy0NRxmyV2EUX9ogKghWbaYKwoDqrjSdIIKx0Y6YuwVv98jrpNuqe5g+NWvO+rKMK53ABV+DBNTThDlrQAQw5PMMrvBlPxovxbnwsRytGuXMKf2B8/gAst5RX</latexit><latexit sha1_base64="cNLltzA/KHJ9iFQg0uXk/WQSSoM=">AAAB/nicbVDLSsNAFL2prxpfUXHlJtgIrkrSjS4LbnRXoS9oQ5hMJ+3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpgyKpXrfhuVjc2t7Z3qrrm3f3B4ZB2fdGWSCUw6OGGJ6I dIEkY56SiqGOmngqA4ZKQXTm8Lv/dIhKQJb6tZSvwYjTmNKEZKS4F15jjmMEZqghHL2/Mg789Nxwmsmlt3F7DXiVeSGpRoBdbXcJTgLCZcYYakHHhuqvwcCUUxI3NzmEmSIjxFYzLQlKOYSD9fxJ/bl1oZ2VEi9OPKXqi/N3IUSzmLQz1ZJJWrXiH+5w0yFd34OeVppgjHy0NRxmyV2EUX9ogKghWbaYKwoDqrjSdIIKx0Y6YuwVv98jrpNuqe5g+NWvO+rKMK53ABV+DBNTThDlrQAQw5PMMrvBlPxovxbnwsRytGuXMKf2B8/gAst5RX</latexit>
x1
<latexit sha1_base64="OO2TOuuP+gV0Yhq9kkVJNEpgOGc=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstMTYWGLigQlcyN4ywIa9vcvunpFc+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvTATXxn W/ncLa+sbmVnG7tLO7t39QPjxq6ThVDH0Wi1g9hFSj4BJ9w43Ah0QhjUKB7XB8M/Pbj6g0j+W9mSQYRHQo+YAzaqzkV596XrVXrrg1dw6ySrycVCBHs1f+6vZjlkYoDRNU647nJibIqDKcCZyWuqnGhLIxHWLHUkkj1EE2P3ZKzqzSJ4NY2ZKGzNXfExmNtJ5Eoe2MqBnpZW8m/ud1UjO4CjIuk9SgZItFg1QQE5PZ56TPFTIjJpZQpri9lbARVZQZm0/JhuAtv7xKWvWad1Gr39Urjes8jiKcwCmcgweX0IBbaIIPD Dg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fxJuN/Q==</latexit>
x2
<latexit sha1_base64="/G9gOHjkq8oJaxrfB9MnC6/tBvw=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRNp60CPGi0dMLJhAQ7bLFjZsd5vdrZE0/AYvHjTGqz/Im//GBXpQ8CWTvLw3k5l5UcqZNq 777ZTW1jc2t8rblZ3dvf2D6uFRW8tMERoQyaV6iLCmnAkaGGY4fUgVxUnEaSca38z8ziNVmklxbyYpDRM8FCxmBBsrBfWnvl/vV2tuw50DrRKvIDUo0OpXv3oDSbKECkM41rrruakJc6wMI5xOK71M0xSTMR7SrqUCJ1SH+fzYKTqzygDFUtkSBs3V3xM5TrSeJJHtTLAZ6WVvJv7ndTMTX4U5E2lmqCCLRXHGkZFo9jkaMEWJ4RNLMFHM3orICCtMjM2nYkPwll9eJW2/4V00/Du/1rwu4ijDCZzCOXhwCU24hRYEQ IDBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AcYgjf4=</latexit>
x3
<latexit sha1_base64="CYcvGTUJvjSjSMAFO1oRyh1AjyQ=">AAAB7HicbVA9TwJBEJ3FL8Qv1NJmI5hYkTsotMTYWGLiAQlcyN6yBxv29i67e0Zy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8IBFcG8 f5RoWNza3tneJuaW//4PCofHzS1nGqKPNoLGLVDYhmgkvmGW4E6yaKkSgQrBNMbud+55EpzWP5YKYJ8yMykjzklBgredWnQaM6KFecmrMAXiduTiqQozUof/WHMU0jJg0VROue6yTGz4gynAo2K/VTzRJCJ2TEepZKEjHtZ4tjZ/jCKkMcxsqWNHih/p7ISKT1NApsZ0TMWK96c/E/r5ea8NrPuExSwyRdLgpTgU2M55/jIVeMGjG1hFDF7a2Yjoki1Nh8SjYEd/XlddKu19xGrX5frzRv8jiKcAbncAkuXEET7qAFH lDg8Ayv8IYkekHv6GPZWkD5zCn8Afr8Aceljf8=</latexit>
x4
<latexit sha1_base64="Z1GhsAZsdYvLGmT4yzMRlbkB8I4=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4IrtookeMF4+YuEACG9ItXWjodjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No 7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789iNTmsfywUwS5kdkKHnIKTFW8qpP/ctqv1xxas4ceJW4OalAjma//NUbxDSNmDRUEK27rpMYPyPKcCrYtNRLNUsIHZMh61oqScS0n82PneIzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwms/4zJJDZN0sShMBTYxnn2OB1wxasTEEkIVt7diOiKKUGPzKdkQ3OWXV0mrXnMvavX7eqVxk8dRhBM4hXNw4QoacAdN8 IACh2d4hTck0Qt6Rx+L1gLKZ47hD9DnD8kqjgA=</latexit>
x5
<latexit sha1_base64="1rRpssOcSrVbEUrRymRGpEoC0RE=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4IrsYo0eMF4+YuEACG9ItXWjodjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No 7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789iNTmsfywUwS5kdkKHnIKTFW8qpP/ctqv1xxas4ceJW4OalAjma//NUbxDSNmDRUEK27rpMYPyPKcCrYtNRLNUsIHZMh61oqScS0n82PneIzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwms/4zJJDZN0sShMBTYxnn2OB1wxasTEEkIVt7diOiKKUGPzKdkQ3OWXV0mrXnMvavX7eqVxk8dRhBM4hXNw4QoacAdN8 IACh2d4hTck0Qt6Rx+L1gLKZ47hD9DnD8qvjgE=</latexit>
x6
<latexit sha1_base64="2G+oSTfMpqpbq2rmaYorFrlZbQ8=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4IruYqEeMF4+YuEACG9ItXWjodjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No 7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789iNTmsfywUwS5kdkKHnIKTFW8qpP/ctqv1xxas4ceJW4OalAjma//NUbxDSNmDRUEK27rpMYPyPKcCrYtNRLNUsIHZMh61oqScS0n82PneIzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwms/4zJJDZN0sShMBTYxnn2OB1wxasTEEkIVt7diOiKKUGPzKdkQ3OWXV0mrXnMvavX7eqVxk8dRhBM4hXNw4QoacAdN8 IACh2d4hTck0Qt6Rx+L1gLKZ47hD9DnD8w0jgI=</latexit>
x7
<latexit sha1_base64="Zvlaq5+htd8yLuOd6aWo6Q2xSeY=">AAAB7HicbVA9TwJBEJ3FL8Qv1NJmI5hYkTsssMTYWGLiAQlcyN6yBxv29i67e0Zy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8IBFcG8 f5RoWNza3tneJuaW//4PCofHzS1nGqKPNoLGLVDYhmgkvmGW4E6yaKkSgQrBNMbud+55EpzWP5YKYJ8yMykjzklBgredWnQaM6KFecmrMAXiduTiqQozUof/WHMU0jJg0VROue6yTGz4gynAo2K/VTzRJCJ2TEepZKEjHtZ4tjZ/jCKkMcxsqWNHih/p7ISKT1NApsZ0TMWK96c/E/r5ea8NrPuExSwyRdLgpTgU2M55/jIVeMGjG1hFDF7a2Yjoki1Nh8SjYEd/XlddKu19yrWv2+Xmne5HEU4QzO4RJcaEAT7qAFH lDg8Ayv8IYkekHv6GPZWkD5zCn8Afr8Ac25jgM=</latexit>
e1
<latexit sha1_base64="Uve3uv9jCR5QO+LMgWb5XE+oP3k=">AAAB/HicbVC7TsMwFHXKq5RXoCNLRIvEVCVlgLGIhbFI9CG1UeS4N61Vx4lsBymKwq+wMIAQKx/Cxt/gphmg5UhXOjrnXl/f48eMSm Xb30ZlY3Nre6e6W9vbPzg8Mo9P+jJKBIEeiVgkhj6WwCiHnqKKwTAWgEOfwcCf3y78wSMISSP+oNIY3BBPOQ0owUpLnlnPxsUjmc8SyJvgOc3cMxt2yy5grROnJA1UouuZX+NJRJIQuCIMSzly7Fi5GRaKEgZ5bZxIiDGZ4ymMNOU4BOlmxd7cOtfKxAoioYsrq1B/T2Q4lDINfd0ZYjWTq95C/M8bJSq4djPK40QBJ8tFQcIsFVmLJKwJFUAUSzXBRFD9V4vMsMBE6bxqOgRn9eR10m+3nMtW+77d6NyUcVTRKTpDF 8hBV6iD7lAX9RBBKXpGr+jNeDJejHfjY9laMcqZOvoD4/MHnrqUug==</latexit>
e2
<latexit sha1_base64="5Wlf/fS6NXOL7HcoAHVfX4/Uaeg=">AAAB/HicbVC7TsMwFHXKq5RXoCNLRIvEVCVlgLGIhbFI9CG1UeS4N61Vx4lsBymKwq+wMIAQKx/Cxt/gphmg5UhXOjrnXl/f48eMSm Xb30ZlY3Nre6e6W9vbPzg8Mo9P+jJKBIEeiVgkhj6WwCiHnqKKwTAWgEOfwcCf3y78wSMISSP+oNIY3BBPOQ0owUpLnlnPxsUjmc8SyJvgtZu5Zzbsll3AWidOSRqoRNczv8aTiCQhcEUYlnLk2LFyMywUJQzy2jiREGMyx1MYacpxCNLNir25da6ViRVEQhdXVqH+nshwKGUa+rozxGomV72F+J83SlRw7WaUx4kCTpaLgoRZKrIWSVgTKoAolmqCiaD6rxaZYYGJ0nnVdAjO6snrpN9uOZet9n270bkp46iiU3SGL pCDrlAH3aEu6iGCUvSMXtGb8WS8GO/Gx7K1YpQzdfQHxucPoECUuw==</latexit>
e3
<latexit sha1_base64="iY9MoFlxvSnUyGPl0uowdBM/hK0=">AAAB/HicbVA9T8MwEHXKVylfgY4sES0SU5W0A4xFLIxFoi1SG0WOe2mtOk5kO0hRFP4KCwMIsfJD2Pg3uGkGaHnSSU/v3fl8z48Zlc q2v43KxubW9k51t7a3f3B4ZB6fDGSUCAJ9ErFIPPhYAqMc+ooqBg+xABz6DIb+/GbhDx9BSBrxe5XG4IZ4ymlACVZa8sx6Ni4eyXyWQN4Er9PMPbNht+wC1jpxStJAJXqe+TWeRCQJgSvCsJQjx46Vm2GhKGGQ18aJhBiTOZ7CSFOOQ5BuVuzNrXOtTKwgErq4sgr190SGQynT0NedIVYzueotxP+8UaKCKzejPE4UcLJcFCTMUpG1SMKaUAFEsVQTTATVf7XIDAtMlM6rpkNwVk9eJ4N2y+m02nftRve6jKOKTtEZu kAOukRddIt6qI8IStEzekVvxpPxYrwbH8vWilHO1NEfGJ8/ocaUvA==</latexit>
e4
<latexit sha1_base64="D+kpVqr+JfnuueHS6+EgCrJsP90=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CbaCp5JUQY8VLx4r2FpoQ9hsJ+3SzSbsboQQ4l/x4kERr/4Qb/4bt2kO2vpg4PHezM7O82NGpb Ltb6Oytr6xuVXdru3s7u0fmIdHfRklgkCPRCwSAx9LYJRDT1HFYBALwKHP4MGf3cz9h0cQkkb8XqUxuCGecBpQgpWWPLOejYpHMp8lkDfBu2jmntmwW3YBa5U4JWmgEl3P/BqNI5KEwBVhWMqhY8fKzbBQlDDIa6NEQozJDE9gqCnHIUg3K/bm1qlWxlYQCV1cWYX6eyLDoZRp6OvOEKupXPbm4n/eMFHBlZtRHicKOFksChJmqciaJ2GNqQCiWKoJJoLqv1pkigUmSudV0yE4yyevkn675Zy32nftRue6jKOKjtEJO kMOukQddIu6qIcIStEzekVvxpPxYrwbH4vWilHO1NEfGJ8/o0yUvQ==</latexit>
e5
<latexit sha1_base64="9lR+35ugJ9tG0ycBrtOill8OUEs=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CbaCp5JURI8VLx4r2FpoQ9hsJ+3SzSbsboQQ4l/x4kERr/4Qb/4bt2kO2vpg4PHezM7O82NGpb Ltb6Oytr6xuVXdru3s7u0fmIdHfRklgkCPRCwSAx9LYJRDT1HFYBALwKHP4MGf3cz9h0cQkkb8XqUxuCGecBpQgpWWPLOejYpHMp8lkDfBu2jmntmwW3YBa5U4JWmgEl3P/BqNI5KEwBVhWMqhY8fKzbBQlDDIa6NEQozJDE9gqCnHIUg3K/bm1qlWxlYQCV1cWYX6eyLDoZRp6OvOEKupXPbm4n/eMFHBlZtRHicKOFksChJmqciaJ2GNqQCiWKoJJoLqv1pkigUmSudV0yE4yyevkn675Zy32nftRue6jKOKjtEJO kMOukQddIu6qIcIStEzekVvxpPxYrwbH4vWilHO1NEfGJ8/pNKUvg==</latexit>
e6
<latexit sha1_base64="zeJ9ZUZRw+2V589bB4LCiEhB00E=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CbaCp5JUUI8VLx4r2FpoQ9hsJ+3SzSbsboQQ4l/x4kERr/4Qb/4bt2kO2vpg4PHezM7O82NGpb Ltb6Oytr6xuVXdru3s7u0fmIdHfRklgkCPRCwSAx9LYJRDT1HFYBALwKHP4MGf3cz9h0cQkkb8XqUxuCGecBpQgpWWPLOejYpHMp8lkDfBu2jmntmwW3YBa5U4JWmgEl3P/BqNI5KEwBVhWMqhY8fKzbBQlDDIa6NEQozJDE9gqCnHIUg3K/bm1qlWxlYQCV1cWYX6eyLDoZRp6OvOEKupXPbm4n/eMFHBlZtRHicKOFksChJmqciaJ2GNqQCiWKoJJoLqv1pkigUmSudV0yE4yyevkn675Zy32nftRue6jKOKjtEJO kMOukQddIu6qIcIStEzekVvxpPxYrwbH4vWilHO1NEfGJ8/pliUvw==</latexit>
e7
<latexit sha1_base64="B99tlofNjCLKNddG9rFFEsTR0Es=">AAAB/HicbVA9T8MwEHXKVylfgY4sES0SU5WUoYxFLIxFoi1SG0WOe2mtOk5kO0hRFP4KCwMIsfJD2Pg3uGkGaHnSSU/v3fl8z48Zlc q2v43KxubW9k51t7a3f3B4ZB6fDGSUCAJ9ErFIPPhYAqMc+ooqBg+xABz6DIb+/GbhDx9BSBrxe5XG4IZ4ymlACVZa8sx6Ni4eyXyWQN4Er9PMPbNht+wC1jpxStJAJXqe+TWeRCQJgSvCsJQjx46Vm2GhKGGQ18aJhBiTOZ7CSFOOQ5BuVuzNrXOtTKwgErq4sgr190SGQynT0NedIVYzueotxP+8UaKCKzejPE4UcLJcFCTMUpG1SMKaUAFEsVQTTATVf7XIDAtMlM6rpkNwVk9eJ4N2y7lste/aje51GUcVnaIzd IEc1EFddIt6qI8IStEzekVvxpPxYrwbH8vWilHO1NEfGJ8/p96UwA==</latexit>
rx
<latexit sha1_base64="tXcn3Yntc9XCQztu/m4BZWRDKzs=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCqqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/R8mOtw==</latexit><latexit sha1_base64="tXcn3Yntc9XCQztu/m4BZWRDKzs=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCqqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/R8mOtw==</latexit><latexit sha1_base64="tXcn3Yntc9XCQztu/m4BZWRDKzs=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCqqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/R8mOtw==</latexit><latexit sha1_base64="tXcn3Yntc9XCQztu/m4BZWRDKzs=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCqqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/R8mOtw==</latexit>
rz
<latexit sha1_base64="1cstdBO2optPa8ya+Ju8GRqrCHM=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/SteOuQ==</latexit><latexit sha1_base64="1cstdBO2optPa8ya+Ju8GRqrCHM=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/SteOuQ==</latexit><latexit sha1_base64="1cstdBO2optPa8ya+Ju8GRqrCHM=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/SteOuQ==</latexit><latexit sha1_base64="1cstdBO2optPa8ya+Ju8GRqrCHM=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1 ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB81zVf3I9r1+u+FV/LrQKQQEVKNTol796g4RkgkpDONa6G/ipCXOsDCOcTt1epmmKyRgPadeixIL qMJ8vPEXn1hmgOFH2SYPm7u+JHAutJyKynQKbkV6uzcz/at3MxFdhzmSaGSrJ4qM448gkaHY9GjBFieETC5goZndFZIQVJsZm5NoQguWTV6FVqwaW72qV+nURRwlO4QwuIIBLqMMtNKAJBAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOZ8/SteOuQ==</latexit>
z2
<latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7 SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kT ZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAUJYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit><latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7 SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kT ZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAUJYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit><latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7 SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kT ZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAUJYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit><latexit sha1_base64="B2rhl11w2Z3S49cPCA8Ow6ZoVgQ=">AAAB8HicbZC7TsMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7 SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfs31vH654lf9udAqBAVUoFCjX/7qDRKSCSoN4VjrbuCnJsyxMoxwOnV7maYpJmM8pF2LEguqw3y+8BSdW2eA4kT ZJw2au78nciy0nojIdgpsRnq5NjP/q3UzE1+FOZNpZqgki4/ijCOToNn1aMAUJYZPLGCimN0VkRFWmBibkWtDCJZPXoVWrRpYvqtV6tdFHCU4hTO4gAAuoQ630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/5Hz+AOkYjnk=</latexit>
z3
<latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ 5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozh R9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ 5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozh R9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ 5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozh R9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ 5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozh R9kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3I+fwDqn456</latexit>
z4
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Figure 3: An illustration for aligned-root
DepthAlign Âd between µ = a1δx6 +a2δx7 +
a3δx2 on TX and ν = b1δz1 +b2δz5 +b3δz6 +
b4δz7 on TZ . In Âd, we consider the optimal
alignment at each depth level h. At h = 1,
root rx is trivially aligned for root rz . Since
rx, rz have their child nodes, the alignment
(rx, rz) is recursive into h = 2. For µ in TX ,
rx has 2 subtrees rooted at x1, x2, considered
as “leaves". Thus, V (T 2rx) = {rx, x1, x2},
and µT 2rx = (a1 + a2)δx1 + a3δx2 . Similarly,
for ν in TZ , νT 2rz = b1δz1 + (b2 + b3)δz2 +
b4δz3 . The recursive procedure is repeated
until the deepest level of the lower tree where
only simple cases exist.
Note that in practical applications, we usually do
not have priori knowledge about tree structures for
probability measures. Therefore, we need to sam-
ple tree metrics for each support data space. More-
over, we can directly sample aligned-root tree met-
rics, e.g., by choosing means of support data distri-
butions as roots when using the clustering-based tree
metric sampling [30]. Consequently, we can reduce
the complexity of FlowAlign by using aligned-root
FlowAlign.
Aligned-root FlowAlign barycenter. The aligned-
root FlowAlign can be handily used for a barycenter
problem, especially in large-scale applications. Given
m probability measures µi |i∈[m] in different tree
metric spaces (TXi , dTXi ) |i∈[m] with aligned-roots
rxi |i∈[m] respectively, and corresponding weights
pi |i∈[m], the aligned-root FlowAlign barycenter
aims to find a flow-based tree structure ∆µ¯ :=
{dTX (rx, xi), ai}i∈[k] of an optimal probability mea-
sure µ¯ with at most k supports in (TX , dTX ) that takes
the form:
∆µ¯ ∈ arg min
∆µˆ
( m∑
i=1
piÂ2f (µˆ, µi; rx, rxi)
)
, (4)
where the roots rxi in TXi |i∈[m] are aligned with root
rx in TX . The barycenter problem in Equ. (4) is equivalent to the free-support univariate Wasserstein
barycenter efficiently solved, e.g., by using Alg. 2 in [16].
4 Depth-based Alignment Discrepancy
FlowAlign only focuses on flows from a root to each support and tree root alignment, but ignores
the depth level of supports in trees. In this section, we take into account the depth level of supports,
and propose Depth-based Alignment (DepthAlign) discrepancy Ad by considering the alignment for
flows hierarchically for each depth level along the tree structures. We first introduce some necessary
definitions to define Ad. Recall that, S(x) is a set of child nodes of x in T .
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Definition 3. Given node x in T , a 2-depth-level tree T (x,S(x)), or shortened as T 2x , is defined inT rooted at x, i.e., root x is at depth level 1, and |S(x)| subtrees rooted at x¯ |x¯∈S(x), considered as
“leaves" at depth level 2 in T 2x .
Let V (T 2x ) be the set of vertices of T 2x . Following Def. 3, V (T 2x ) contains x and all x¯ ∈ S(x).
Moreover, given µ in T , we have a corresponding µT 2x in T 2x , defined as µT 2x =
∑
i a¯iδx¯i where x¯i ∈
V (T 2x ), and a¯i = µ(Γ(x¯i))/µ(Γ(x)) if x¯i 6= x, otherwise a¯i = 1−
[∑
x¯j∈S(x) µ(Γ(x¯j))
]
/µ(Γ(x)).
In order to define DepthAlign, we start with its special case when roots are aligned.
Definition 4. Assume that root rx in TX is aligned with root rz in TZ . Then, the aligned-root
Depth-based Alignment between µ and ν is defined as follows:
Âd(µ, ν; rx, rz) :=
∑
h
∑
(x,z)∈Mh−1
T ∗h−1(x, z)Âf (µT 2x , νT 2z ;x, z), (5)
where h is the considered depth level, starting from 2 to the deepest level of the lower tree between
TX and TZ; Mh is a set of optimal aligned pairs at the depth level h where M1 = {(rx, rz)};
T ∗h (x, z) is the optimal matching mass for the pair (x, z) at the depth level h where T
∗
1 (rx, rz) = 1.
Intuitively, at each depth level h, we consider the alignment for the corresponding 2-depth-level trees.
Note that the 2-depth-level tree structures are at the same depth level h for both TX and TZ , and one
can consider Âf for such alignment. Moreover, at h = 1, Âd trivially matches rx to rz with optimal
matching mass 1. Thus, the matching procedure is recursive along all depth levels in trees. The
simple case of the recursive procedure is that either at least one node of considered pair does not have
child nodes, or sum of weights of child nodes in the corresponding 2-depth-level tree is equal to 0.
When roots of trees TX and TZ are not aligned yet, we optimize the root alignment as follow:
Ad(µ, ν) := min
rx,rz
Âd(µ, ν; rx, rz), (6)
which is referred to as DepthAlign. Similar to FlowAlign, we have a following theorem:
Theorem 2. DepthAlign is a pseudo-distance. It satisfies symmetry and the triangle inequality.
See the supplementary (§A) for the proof of Theorem 2. When Ad(µ, ν) = 0, we can find roots r∗x
and r∗z such that all the hierarchical corresponding Âf (µT 2· , νT 2· ; ·, ·) for each depth level along the
trees are equal to 0. It demonstrates that µ and ν have similar weights on supports while their supports
have similar depth levels, and for each depth level, the tree metrics of supports in the corresponding
µT 2· , νT 2· to the 2-depth-level-tree roots are identical, i.e., corresponding weight edges are identical.
5 Tree-sliced Variants by Sampling Tree Metrics
Similar to TSW [30], computing (aligned-root) FlowAlign / DepthAlign requires to choose or sample
tree metrics for each space of supports. We use fast adaptive methods, e.g., clustering-based tree metric
sampling [30], to sample tree metrics, and further propose their tree-sliced variants by averaging the
corresponding (aligned-root) FlowAlign / DepthAlign using those random sampled tree metrics.
Definition 5. Given µ, ν supported on a set in which tree metric spaces
{
(TXi , dTXi ) | i ∈ [n]
}
and
{
(TZi , dTZi ) | i ∈ [n]
}
can be defined respectively, the tree-sliced variants of (aligned-root)
FlowAlign / DepthAlign is defined as an average of corresponding (aligned-root) FlowAlign /
DepthAlign for µ, ν on (TXi , dTXi ), and (TZi , dTZi ) respectively.
As discussed in [30], the average over different random tree metrics can reduce quantization effects
or clustering sensitivity problems in which data points may be partitioned or clustered to adjacent but
different hypercubes or clusters respectively in tree metric sampling. Moreover, the complexity of
tree metric sampling is negligible. Indeed, for clustering-based tree metric sampling, its complexity
is O(HTm log κ) when one fixes the same number of clusters κ for the farthest-point clustering [22]
and sets HT for the predefined deepest level of tree T , and m is the number of input data points.
Remark 1. For specific applications with priori knowledge about tree metrics for probability
measures, one can apply FlowAlign, or consider DepthAlign if the known tree structure is important
for the applications. Moreover, if roots of those known tree metrics are already aligned, one can
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use the corresponding aligned-root formulations to reduce the complexity. For general applications
without priori knowledge about tree metrics for probability measures, one can directly sample
aligned-root tree metrics, e.g., by choosing a mean of support data as its root for the clustering-based
tree metric sampling [30], and use the aligned-root formulations for an efficient computation.
6 Experiments
We evaluate our proposed discrepancies for quantum chemistry and document classification with
randomly linear transform word embeddings. We also carry out the large-scale FlowAlign barycenter
problem within k-means clustering for point clouds of handwritten digits in MNIST dataset rotated
arbitrarily in the plane as in [44].
Setup. We consider two baselines: (i) sliced GW (SGW) [55] and (ii) entropic GW (EGW) [44].
In all of our experiments, we do not have prior knowledge about tree metrics for probability mea-
sures. Therefore, we sample aligned-root tree metrics from support data points by applying the
clustering-based tree metric sampling [30] where means of support data points are chosen as tree
roots. Consequently, we can leverage the aligned-root formulations for both FlowAlign (FA) and
DepthAlign (DA) to reduce their complexity. For SGW, we follow Vayer et al. [55] to add artifact
zero-padding for discrete measures having different numbers of supports, and use the binomial
expansion to reduce its complexity. For EGW, we use the entropic regularization to optimize transport
plan, but exclude it when computing GW, which gives comparative or better performances than those
of standard EGW. We also apply the log-stabilized Sinkhorn [49]. We observe that the quality of
EGW is better when entropic regularization becomes smaller, but the computation is considerably
slower. In our experiments, the computation for EGW is either usually blown up, or too slow for
evaluation when entropic regularization is less than or equal 1. We run experiments with Intel Xeon
CPU E7-8891v3 (2.80GHz), and 256GB RAM. Reported time consumption for all methods has
already included their corresponding preprocessing, e.g., tree metric sampling for FlowAlign and
DepthAlign, or one-dimensional projection for SGW.
6.1 Applications
Figure 4: MAE and time consumption
of k-NN regression on qm7 for EGW
(eps=5), SGW (10 slices), FA (10 tree-
slices), and DA (1 tree-slice).
Quantum chemistry. We consider a regression problem on
molecules for qm7 dataset as in [44]. The task is to predict
atomization energies for molecules based on similar labeled
molecules instead of estimating them through expensive
numerical simulations [44, 46]. For simplicity, we only
used the relative locations in R3 of atoms in molecules,
without information about atomic nuclear charges as the
experiments in [44, 46]. We randomly split 80%/20% for
training and test sets, and repeat 20 times. Following Peyré
et al. [44], we use k-nearest neighbor (k-NN) regression.
Document classification with non-registered word embeddings. We also evaluate our proposed
discrepancies for document classification with non-registered word embeddings in TWITTER, RECIPE,
CLASSIC, and AMAZON datasets. For each document in these datasets, we use a randomly linear
transform for word2vec word embedding [37], pre-trained on Google News3, containing about 3
million words/phrases. word2vec maps those words/phrases into R300. Following [27, 30], we
remove SMART stop words [47], and drop words in documents if they are not in the pre-trained
word2vec. We randomly split 80%/20% for training and test sets, and repeat 20 times.
Performance results, time consumption and discussions. The results of averaged mean absolute
value (MAE) for different k in k-NN regression, and time consumption of quantum chemistry in
qm7 dataset are illustrated in Fig. 4, while the results of averaged accuracy for different k in k-NN,
and time consumption of document classification with non-registered word embeddings in TWITTER,
RECIPE, CLASSIC, and AMAZON datasets are shown in Fig. 5.
The computational time of FlowAlign is at least comparative to that of SGW, and several-order faster
than that of EGW. Especially, in CLASSIC, it took 12 minutes for FlowAlign (10 slices), while 6.8
hours for SGW (10 slices), and 3.3 days for EGW (entropic regularization eps=10). Moreover, the
3https://code.google.com/p/word2vec
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Figure 5: Accuracy and time consumption of k-NN classification on document datasets for EGW
(eps=5 in TWITTER, and eps=10 in others), SGW (10 slices), FA (10 tree-slices), and DA (1 tree-slice).
performances of FlowAlign compare favorably with other baselines, except EGW in RECIPE dataset.
FlowAlign performs better when the number of tree slices is increased, but its time consumption is
also increased linearly. We show this trade-off on qm7 in Fig. 6. For DepthAlign, its performances are
comparative with other baselines. However, DepthAlign is slow in practice due to solving a large
number of sub-problems, i.e., aligned-root FlowAlign between corresponding 2-depth-level trees. For
EGW, its performances are improved when the entropic regularization small enough for the problems,
but its computational time is considerably increased which makes EGW unsuitable for large-scale
applications. The value of entropic regularization is important for performances of EGW, e.g., EGW
performs well in RECIPE, and is comparative with other approaches on other datasets. For SGW, its
computational time is slow down when document lengths are large, e.g., in AMAZON dataset, since
it requires to use extra artificial zeros padding and uniform weights for probability measures with
different number of supports (i.e., documents with different lengths), while other approaches work
with an original number of supports (i.e., unique words in documents), and general weights (i.e.,
frequencies of unique words) for supports in probability measures.
Figure 6: Trade-off between perfor-
mances and time consumption for
FlowAlign w.r.t. tree slices in qm7.
Similar to tree metric sampling for TSW [30], we also
observe that the clustering-based tree metric sampling for
FlowAlign and DepthAlign is fast and its time consump-
tion is negligible compared to that of either FlowAlign or
DepthAlign. For examples, for each tree metric sam-
pling with the suggested parameters (e.g., the prede-
fined deepest level HT = 6, and the number of clus-
ters κ = 4 for the farthest-point clustering), it only took
about 0.4, 1.5, 11.0, 17.5, 20.5 seconds for qm7, TWITTER,
RECIPE, CLASSIC, and AMAZON datasets respectively.
Many further experimental results about performances
and time consumptions of the discrepancies with different
parameters (e.g., entropic regularization in EGW, and num-
ber of (tree) slices in SGW, FlowAlign and DepthAlign), and clustering-based tree metric sampling
with different parameters (i.e., HT , κ); empirical relations among the discrepancies for all mentioned
datasets can be seen in the supplementary (§D, §G).
6.2 Large-scale FlowAlign barycenter within k-means clustering
We applied FlowAlign barycenter (§3.3), using Algorithm 2 in [16] where we set k = 100 for
the maximum number of supports in barycenters, into a larger machine learning pipeline such as
k-means clustering on MNIST dataset where point clouds of handwritten digits are rotated arbitrarily
in the plane as in [44]. For each handwritten digit, we randomly extracted 6000 point clouds. We
evaluated k-means with FlowAlign for 60000, 120000, 240000, 480000, and 960000 handwritten-
digit point clouds where each handwritten digit is randomly rotated 1, 2, 4, 8, and 16 times respectively.
Furthermore, we grouped the handwritten digit 6 and digit 9 together due to applying random rotation.
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Figure 7: Time consumption and Fβ measure for k-means clustering with FlowAlign for randomly
rotated MNIST.
We used k-means++ initialization technique [6], set 20 for the maximum iterations of k-means, and
repeated 10 times with different random seeds for k-means++ initialization. In Fig. 7, we show the
averaged time consumption and Fβ measure [34] where β is chosen as in [29] for the results of
k-means clustering with FlowAlign. Note that, in these settings, the barycenter problem from EGW
has extremely slow running time. A small experimental setup for performance comparison can be
found in the supplementary (§D).
7 Conclusion
We proposed in this paper two novel discrepancies FlowAlign and DepthAlign for probability measures
whose supports are in different metric spaces by considering a particular family of cost metrics,
namely tree metrics. By leverage a tree structure, we proposed to align flows from a root to
each support instead of pair-wise tree metrics of supports in GW for probability measures. The
proposed FlowAlign is not only fast, but its performances also compare favorably with other baseline
approaches. Moreover, the FlowAlign can be applied for large-scale applications (e.g., a million
probability measures) which are usually prohibited for (entropic) GW. The questions about sampling
efficiently tree metrics from support data points for the proposed discrepancies, or using them for
more involved parametric inference are left for the future work.
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Supplementary Material for: Flow-based Alignment Approaches
for Probability Measures in Different Spaces
We organize this supplementary material as follow:
• In Appendix A, we provide proofs for theoretical results: Theorem 1, Theorem 2, and
Proposition 1 in the main text.
• In Appendix B, we show more illustrations and geometric properties, and discuss about the
rotational and translational invariance for Flow-based Alignment (FlowAlign) mentioned in
the main text.
• In Appendix C, we describe further details for FlowAlign and Depth-based Alignment
(DepthAlign), e.g., algorithms and complexity for FlowAlign and DepthAlign on applications
with or without priori knowledge about tree structures for probability measures.
• In Appendix D, we illustrate
– further experimental results in quantum chemistry (qm7 dataset), document classi-
fication (TWITTER, RECIPE, CLASSIC, AMAZON datasets) considered in the main
text;
– time consumption for the clustering-based tree metric sampling;
– results with different parameters for tree metric sampling;
– and a small experimental setup for performance comparison for k-means clustering on
randomly rotated MNIST dataset.
• In Appendix E, we give some brief reviews for
– the farthest-point clustering;
– clustering-based tree metric sampling;
– tree metric;
– Fβ measure for clustering evaluation;
– and more information for datasets.
• In Appendix F, we provide some further discussions.
• In Appendix G, we investigate empirical relations among the considered discrepancies (e.g.,
FlowAlign, DepthAlign, sliced GW (SGW), entropic GW (EGW) and the standard entropic
GW where entropic regularization is used in both transportation plan optimization and
objective function computation (EGW0)) for probability measures in different spaces.
Notations. We use same notations as in the main text.
A Proofs
In this section, we provide the proofs for the pseudo-distances and properties of FlowAlign and
DepthAlign discrepancies, i.e., Theorem 1, Theorem 2, and Proposition 1 in the main text.
A.1 Proof of Theorem 1 in the main text
From the definition of FlowAlign Af , it is symmetric, namely, Af (µ, ν) = Af (ν, µ). In addition,
it is clear that Af (µ, µ) = 0. Finally, we show that Af also satisfies triangle inequality as in
Proposition 2.
Proposition 2. Given three probability measures µ, ν, γ in three different metric spaces (TX , dTX ),
(TY , dTY ), and (TZ , dTZ ). Then, we have:
Af (µ, γ) ≤ Af (µ, ν) +Af (ν, γ).
Proof. It is sufficient to demonstrate that
Âf (µ, γ; rx, ry) ≤ Âf (µ, ν; rx, rz) + Âf (ν, γ; ry, rz), (7)
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for any roots rx, ry, rz of TX , TY , TZ respectively. Our proof for the above inequality is a direct
application of the gluing lemma in [56]. In particular, for any roots rx, ry, rz of of TX , TY , TZ ,
we denote T̂ 1 ∈ Π(µ, ν) and T̂ 2 ∈ Π(ν, γ) as optimal transport plans for Âf (µ, ν; rx, rz) and
Âf (ν, γ; ry, rz) respectively. Based on the gluing lemma, there exists T with marginal of the first
and the third factors as T̂ 1 and marginal of the second and the third factors as T̂ 2. We denote the
marginal of its first and second factors as T¯ , which is a transport plan between µ and γ. Therefore,
from the definition of aligned-root FlowAlign discrepancy, we have
Â2f (µ, γ; rx, ry) ≤
∑
i,j
|dTX (rx, xi)− dTY (ry, yj)|2 T¯ij
=
∑
i,j,k
|dTX (rx, xi)− dTY (ry, yj)|2 Tijk
=
∑
i,j,k
|dTX (rx, xi)− dTZ (rz, zk)|2 Tijk +
∑
i,j,k
|dTX (ry, yj)− dTZ (rz, zk)|2 Tijk
− 2
∑
i,j,k
(dTX (rx, xi)− dTZ (rz, zk))(dTY (ry, yj)− dTZ (rz, zk))Tijk
≤ Â2f (µ, ν; rx, rz) + Â2f (ν, γ; ry, rz)
+ 2Âf (µ, ν; rx, rz)Âf (ν, γ; ry, rz)
= (Âf (µ, ν; rx, rz) + Âf (ν, γ; ry, rz))2, (8)
where we used Hölder’s inequality for the third term for the second inequality. As a consequence, we
obtain the conclusion of the inequality in Equation (7).
Discussion about A2f (µ, ν) = 0. As discussed in the main text, when A2f (µ, ν) = 0, we can find
roots r∗x and r
∗
z such that µ˜
∗ ≡ ν˜∗ where µ˜∗ = ∑i aiδdTX (r∗x ,xi) and ν˜∗ = ∑j bjδdTZ (r∗z ,zj). It
demonstrates that µ and ν have the same weights on supports (i.e., flow masses) while the tree metrics
of their supports to the corresponding root r∗x or r
∗
z (i.e., flow lengths) are identical.
A.2 Proof of Theorem 2 in the main text
In fact, from the definition of DepthAlign Ad, it is clear that Ad(µ, ν) = Ad(ν, µ) and Ad(µ, µ) = 0.
Furthermore, Ad satisfies triangle inequality as in Proposition 3.
Proposition 3. Given three probability measures µ, ν, γ in three different metric spaces (TX , dTX ),
(TY , dTY ), and (TZ , dTZ ). Then, we have:
Ad(µ, γ) ≤ Ad(µ, ν) +Ad(ν, γ).
Proof. Similar to the proof of Proposition 2, it is sufficient to demonstrate that
Âd(µ, γ; rx, ry) ≤ Âd(µ, ν; rx, rz) + Âd(ν, γ; ry, rz), (9)
for any roots rx, ry, rz of TX , TY , TZ respectively. According to the definition of aligned-root
DepthAlign, the above inequality is equivalent to
∑
h
∑
(x,y)∈M1,2h−1
T ∗h (x, y)Âf (µT 2x , γT 2y ;x, y) ≤
∑
h
∑
(x,z)∈M1,3h−1
T¯ ∗h (x, z)Âf (µT 2x , νT 2z ;x, z)
+
∑
h
∑
(y,z)∈M2,3h−1
T˜ ∗h (y, z)Âf (µT 2y , νT 2z ; y, z), (10)
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whereM1,2h ,M1,3h ,M2,3h are respectively sets of optimal aligned pairs at the depth level h from
trees TX and TY , from trees TX and TZ , and from trees TY and TZ ; T ∗h (x, y), T¯ ∗h (x, z), T˜ ∗h (y, z) are
respectively optimal matching masses for the pairs (x, y) ∈M1,2h−1, (x, z) ∈M1,3h−1, (y, z) ∈M2,3h−1.
In order to demonstrate the above inequality, we only need to verify that
∑
(x,y)∈M1,2h
T ∗h (x, y)Âf (µT 2x , γT 2y ;x, y) ≤
∑
(x,z)∈M1,3h
T¯ ∗h (x, z)Âf (µT 2x , νT 2z ;x, z)
+
∑
(y,z)∈M2,3h
T˜ ∗h (y, z)Âf (µT 2y , νT 2z ; y, z), (11)
for any depth level h ≥ 1. We respectively denote T hX = {x¯(h)1 , . . . , x¯(h)k1,h}, T hY =
{y¯(h)1 , . . . , y¯(h)k2,h}, T hZ = {z¯
(h)
1 , . . . , z¯
(h)
k3,h
} the set of nodes in depth level h of the trees TX , TY , TZ .
The inequality in Equation (11) can be rewritten as
k1,h−1∑
i=1
k2,h−1∑
j=1
∑
x∈S(x¯(h−1)i ),y∈S(y¯(h−1)j )
T ∗h (x, y)Âf (µT 2x , γT 2y ;x, y)
≤
k1,h−1∑
i=1
k3,h−1∑
j=1
∑
x∈S(x¯(h−1)i ),z∈S(z¯(h−1)j )
T¯ ∗h (x, z)Âf (µT 2x , νT 2y ;x, z)
+
k2,h−1∑
i=1
k3,h−1∑
j=1
∑
y∈S(y¯(h−1)i ),z∈S(z¯(h−1)j )
T˜ ∗h (y, z)Âf (γT 2y , νT 2y ; y, z). (12)
In order to obtain the conclusion of inequality in Equation (12), we only need to prove that
∑
x∈S(x¯(h−1)i ),y∈S(y¯(h−1)j )
T ∗h (x, y)Âf (µT 2x , γT 2y ;x, y)
≤
∑
x∈S(x¯(h−1)i ),z∈S(z¯(h−1)l )
T¯ ∗h (x, z)Âf (µT 2x , νT 2y ;x, z)
+
∑
y∈S(y¯(h−1)i ),z∈S(z¯(h−1)l )
T˜ ∗h (y, z)Âf (γT 2y , νT 2y ; y, z),
for any i ∈ {1, . . . , k1,h−1}, j ∈ {1, . . . , k2,h−1}, and l ∈ {1, . . . , k3,h−1}. We can make use of the
gluing lemma [56] to prove that inequality. In fact, there exists T with marginal of its first and third
factors as T¯ ∗h (x, z) and marginal of its second and third factors as T¯
∗
h (y, z). We denote the marginal
of its first and second factors as Tˆ , which is the transport plan for probability measures with supports
at x ∈ S(x¯(h−1)i ) and y ∈ S(y¯(h−1)j ). Now, we have the following inequalities
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∑
x∈S(x¯(h−1)i ),y∈S(y¯(h−1)j )
T ∗h (x, y)Âf (µT 2x , γT 2y ;x, y)
=
∑
x∈S(x¯(h−1)i ),y∈S(y¯(h−1)j ),z∈S(z¯(h−1)l )
TxyzÂf (µT 2x , γT 2y ;x, y)
≤
∑
x∈S(x¯(h−1)i ),y∈S(y¯(h−1)j ),z∈S(z¯(h−1)l )
TxyzÂf (µT 2x , νT 2z ;x, z)
+
∑
x∈S(x¯(h−1)i ),y∈S(y¯(h−1)j ),z∈S(z¯(h−1)l )
TxyzÂf (γT 2y , νT 2z ; y, z)
=
∑
x∈S(x¯(h−1)i ),z∈S(z¯(h−1)l )
T¯ ∗h (x, z)Âf (µT 2x , νT 2y ;x, z)
+
∑
y∈S(y¯(h−1)i ),z∈S(z¯(h−1)l )
T˜ ∗h (y, z)Âf (γT 2y , νT 2y ; y, z).
As a consequence, we obtain the conclusion of the proposition.
Discussion about Ad(µ, ν) = 0. As discussed in the main text, when Ad(µ, ν) = 0, we can find
roots r∗x and r
∗
z such that all the hierarchical corresponding Âf (µT 2· , νT 2· ; ·, ·) for each depth level
along the trees are equal to 0. It demonstrates that µ and ν have the same weights on supports while
their supports have the same depth levels. For each depth level, the tree metrics of supports in the
corresponding µT 2· , νT 2· to the 2-depth-level-tree roots are identical, i.e., corresponding weight edges
are identical.
A.3 Proof of Proposition 1 in the main text
The proof of Proposition 1 in the main text is a direct application of Cauchy-Schwarz. In particular,
since the deepest levels of trees TX and TZ are equal to two for some roots rx and rz respectively,
we obtain that
GW2(µ, ν) = min
T∈Π(µ,ν)
∑
i,j,i′,j′
|dTX (xi, xi′)− dTZ (zj , zj′)|2 TijTi′j′
= min
T∈Π(µ,ν)
∑
i,j,i′,j′
|dTX (xi, rx) + dTX (rx, xi′)− dTZ (zj , rz)− dTZ (rz, zj′)|2 TijTi′j′
≤ min
T∈Π(µ,ν)
∑
i,j,i′,j′
2
[
(dTX (xi, rx)− dTZ (zj , rz))2 + (dTX (rx, xi′)− dTZ (rz, zj′))2
]
TijTi′j′
= 4Â2f (µ, ν; rx, rz) (13)
where the inequality is due to the standard Cauchy-Schwarz inequality (a+ b)2 ≤ 2(a2 + b2) for any
a, b ∈ R. By taking the infimum over rx, rz , then square root on both sides of the above inequality
(13), we obtain the conclusion of the proposition that
GW(µ, ν) ≤ 2Af (µ, ν).
B Further illustrations, geometric properties, and discussion about
rotational and translational invariance for FlowAlign
In this section, we provide further illustrations for FlowAlign mentioned in the main text.
• In Figure 8, we illustrate the aligned-root FlowAlign Âf .
• In Figure 9, we illustrate for supports in Ων in the Case 2 in the efficient computation
approach for FlowAlign Af .
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Figure 8: An illustration for the aligned-root FlowAlign Âf between µ = a1δx6 + a2δx7 + a3δx2 on
TX and ν = b1δz1 + b2δz5 + b3δz6 + b4δz7 on TZ . In Âf , we consider the flows from the root to each
support of a measure as illustrated in the corresponding right figures where the length of each edge in
the right figures is equal to the length of the path from the root to that node on the corresponding tree
T· in the left figures respectively.
Rotational and translational invariance for FlowAlign. In practice, we usually do not have priori
knowledge about tree structures for probability measures4. Therefore, we need to choose or sample
trees TX and TZ from support data points, e.g. by clustering-based tree metric sampling [30].
For the clustering-based tree metric sampling5, the farthest-point clustering6 within the clustering-
based tree metric sampling gives the same results for rotational and/or translational support data
points and for the original ones, when one uses the same corresponding point in the given finite set of
support data points as its initialization). Therefore, tree metric sampled from the clustering-based
tree metric sampling is rotational and translational invariance (i.e., tree structure and lengths of
edges are the same, only nodes are represented for the corresponding rotational and/or translational
support data points instead of the original ones.). Consequently, the FlowAlign has rotational and
translational invariance. As showed in the main text (§6.1), the FlowAlign works well with the
quantum chemistry (in a real dataset: qm7) where one needs translational and rotational invariance
for the relative positions of atoms in R3 for each molecule.
As a trivial extension, due to rotational and translation invariance for tree metrics sampled from the
clustering-based tree metric sampling, DepthAlign also has rotational and translational invariance.
C Further details for FlowAlign and DepthAlign
In this section, we first derive a computation for a univariate optimal transport for empirical measures.
Then, we give some further details about FlowAlign and DepthAlign proposed in the main text.
C.1 Univariate optimal transport (OT) for empirical measures
Recall that the univariate OT, i.e., univariate Wasserstein, is equal to the integral of the absolute
difference between the generalized quantile functions of two univariate probability distributions
[48] (§2). Therefore, one only needs to sort their supports for the computation with linearithmic
complexity.
4For a priori tree metric space, recall that tree metric space is finite. So, rotation/translation may not be
directly well-defined in tree metric space.
5see Appendix E.2 for a review
6see Appendix E.1 for a review
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<latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM 5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9 kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo5 8V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM 5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9 kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo5 8V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM 5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9 kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo5 8V5dz4WrQUnnzmGP3I+fwDqn456</latexit><latexit sha1_base64="/ZUt+A3LtvbD8mbV1eKRyE5uKHY=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZqQvFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM 5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9 kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo5 8V5dz4WrQUnnzmGP3I+fwDqn456</latexit>
z4
<latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGG U7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+ 6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8 +K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit><latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGG U7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+ 6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8 +K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit><latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGG U7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+ 6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8 +K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit><latexit sha1_base64="/YOuNLG9fNF3q30YKSd4qXibC6o=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZKYLiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGG U7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+ 6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8 +K8Ox+L1oKTzxzDHzmfP+wmjns=</latexit>
z6
<latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM 5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9 kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo5 8V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM 5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9 kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo5 8V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM 5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9 kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo5 8V5dz4WrQUnnzmGP3I+fwDvNI59</latexit><latexit sha1_base64="XCyyAYsvmeJz5WY7b1GQmHxAsWw=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZ6ULFVcGNywr2Iu1QMmmmDU0yQ5IRaulTuHGhiFsfx51vY9rOQlt/CHz85xxyzh+lnGnj+99OYW19Y3OruO3u7O7tH5QOj5o6yRShDZLwRLUjrClnkjYMM 5y2U0WxiDhtRaObWb31SJVmibw345SGAg8kixnBxloPnuc+9S5cz+uVyn7FnwutQpBDGXLVe6Wvbj8hmaDSEI617gR+asIJVoYRTqduN9M0xWSEB7RjUWJBdTiZLzxFZ9bpozhR9 kmD5u7viQkWWo9FZDsFNkO9XJuZ/9U6mYmvwgmTaWaoJIuP4owjk6DZ9ajPFCWGjy1gopjdFZEhVpgYm5FrQwiWT16FZrUSWL6rlmvXeRxFOIFTOIcALqEGt1CHBhAQ8Ayv8OYo5 8V5dz4WrQUnnzmGP3I+fwDvNI59</latexit>
z1
<latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7T sMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6 ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVY T5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQA CXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7T sMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6 ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVY T5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQA CXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7T sMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6 ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVY T5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQA CXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit><latexit sha1_base64="hCjQ1Fz5STbgEySRcMzgHldwAs8=">AAAB8HicbZC7T sMwFIZPuJZwKzCyWDRITFXSBcRUiYWxSPSC2qhyXKe1ajuR7SCVqE/BwgBCrDwOG2+D22aAll+y9Ok/58jn/FHKmTa+/+2srW9sbm2Xdtzdvf2Dw/LRcUsnmSK0SRKeqE6 ENeVM0qZhhtNOqigWEaftaHwzq7cfqdIskfdmktJQ4KFkMSPYWOvB89ynfuB6Xr9c8av+XGgVggIqUKjRL3/1BgnJBJWGcKx1N/BTE+ZYGUY4nbq9TNMUkzEe0q5FiQXVY T5feIrOrTNAcaLskwbN3d8TORZaT0RkOwU2I71cm5n/1bqZia/CnMk0M1SSxUdxxpFJ0Ox6NGCKEsMnFjBRzO6KyAgrTIzNyLUhBMsnr0KrVg0s39Uq9esijhKcwhlcQA CXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cj5/AOeRjng=</latexit>
z5
<latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGG U7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+ 6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8 +K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGG U7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+ 6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8 +K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGG U7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+ 6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8 +K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit><latexit sha1_base64="R3HbFOJ9RRkKdttHI0G14uNqjUQ=">AAAB8HicbZDLSgMxF IbP1Fsdb1WXboIdwVWZKYjiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLa+sblV3HZ3dvf2D0qHR02dZIrQBkl4otoR1pQzSRuGG U7bqaJYRJy2otHNrN56pEqzRN6bcUpDgQeSxYxgY60Hz3Ofeheu5/VKZb/iz4VWIcihDLnqvdJXt5+QTFBpCMdadwI/NeEEK8MIp1O3m2maYjLCA9qxKLGgOpzMF56iM+v0UZwo+ 6RBc/f3xAQLrccisp0Cm6Fers3M/2qdzMRX4YTJNDNUksVHccaRSdDsetRnihLDxxYwUczuisgQK0yMzci1IQTLJ69Cs1oJLN9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8 +K8Ox+L1oKTzxzDHzmfP+2tjnw=</latexit>
z7
<latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLS gMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojo R1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQH U4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkmhkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLi GAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit><latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLS gMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojo R1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQH U4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkmhkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLi GAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit><latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLS gMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojo R1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQH U4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkmhkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLi GAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit><latexit sha1_base64="VoB7P5kKdeTOiZeKphjMy5wtZOM=">AAAB8HicbZDLS gMxFIbP1Fsdb1WXboIdwVWZ6abiquDGZQV7kXYomTTThiaZIckItfQp3LhQxK2P4863MW1noa0/BD7+cw45549SzrTx/W+nsLG5tb1T3HX39g8Oj0rHJy2dZIrQJkl4ojo R1pQzSZuGGU47qaJYRJy2o/HNvN5+pEqzRN6bSUpDgYeSxYxgY60Hz3Of+jXX8/qlsl/xF0LrEORQhlyNfumrN0hIJqg0hGOtu4GfmnCKlWGE05nbyzRNMRnjIe1alFhQH U4XC8/QhXUGKE6UfdKghft7YoqF1hMR2U6BzUiv1ubmf7VuZuKrcMpkmhkqyfKjOOPIJGh+PRowRYnhEwuYKGZ3RWSEFSbGZuTaEILVk9ehVa0Elu+q5fp1HkcRzuAcLi GAGtThFhrQBAICnuEV3hzlvDjvzseyteDkM6fwR87nD/C7jn4=</latexit>
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Figure 9: An illustration for supports in Ων in the Case 2 in the efficient computation approach for
Af . Assume that Ων = {z1, z2, z3, z7, z8, z9, z10, z11} and the new root r¯z = z4 (emphasized by the
square border). We have supports z7, z10, z11 for Case 2a (blue dots), supports z1, z2 for Case 2b
(green dots), and supports z3, z8, z9 for Case 2c (purple and orange dots) where the corresponding
closest common ancestors ζ3 = z1, ζ8 = z2, and ζ9 = z2 respectively. Note that, ζ8 = ζ9 (orange
dots), therefore the order of supports z8, z9 is preserved when one changes into the new root.
Algorithm 1 Univariate optimal transport for empirical measures
Input: Input empirical measures with sorted supports µ =
∑
i∈[n] aiδxi , and ν =
∑
j∈[m] bjδzj
(i.e., x1 ≤ x2 ≤ · · · ≤ xn, and z1 ≤ z2 ≤ · · · ≤ zm), and a ground distance ` (e.g.,
`(x, z) = `1(x, z) = |x− z|).
Output: OT distance d and optimal transport plan T .
1: Initialize d← 0, T ← 0n×m, i← 1, j ← 1.
2: while i ≤ n and j ≤ m do
3: if ai ≤ bj then
4: Tij ← ai.
5: d← d+ ai`(xi, zj).
6: Update bj ← bj − ai, i← i+ 1.
7: if bj == 0 then
8: j ← j + 1.
9: end if
10: else
11: Tij ← bj .
12: d← d+ bj`(xi, zj).
13: Update ai ← ai − bj , j ← j + 1.
14: if ai == 0 then
15: i← i+ 1.
16: end if
17: end if
18: end while
In particular, given two empirical measures µ =
∑
i∈[n] a¯iδx¯i and ν =
∑
j∈[m] b¯jδz¯j whose supports
are in one-dimensional space, i.e., x¯i, z¯j ∈ R,∀i ∈ [n], j ∈ [m]. Firstly, we sort supports of µ, ν in
an increasing order, denoted as µ =
∑
i∈[n] aiδxi and ν =
∑
j∈[m] bjδzj (i.e., x1 ≤ x2 ≤ · · · ≤ xn,
and z1 ≤ z2 ≤ · · · ≤ zm). Without loss of generality, assume that n ≥ m, the complexity of this
sorting is O(n log n). We summarize the algorithm for the univariate OT between µ and ν (whose
supports are already sorted) in Algorithm 1.
The complexity of Algorithm 1 is O(n). Therefore, the complexity of the univariate OT for empirical
measures is O(n log n), or its main complexity is to sort supports of empirical measures.
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C.2 FlowAlign
There are two types of applications: without or with priori knowledge about tree metrics for supports
in probability measures.
C.2.1 Applications without priori knowledge about tree metrics for supports in probability
measures
In general applications, one usually does not have priori knowledge about tree metrics for supports in
probability measures. However, one can sample tree metrics for the space of supports of probability
measures, e.g., using clustering-based tree metric sampling [30] (§4), for FlowAlign.
One can compute FlowAlign between µ =
∑
i∈[n] aiδxi and ν =
∑
j∈[m] bjδzj as follow:
• Step 1: Sample aligned-root tree metrics TX and TZ for supports xi |i∈[n], and zj |j∈[m]
of probability measures µ and ν respectively, e.g., by choosing means of support data
distributions as roots when using the clustering-based tree metric sampling [30] (§4) (See
Section E.2 for a review about clustering-based tree metric sampling).
• Step 2: Based on the sampled aligned-root tree metrics, FlowAlign (Equation (2) in the
main text) is equivalent to aligned-root FlowAlign (Equation (4) in the main text). Conse-
quently, FlowAlign between µ and ν is equivalent to the univariate OT distance between
µ˜ :=
∑
i∈[n] aiδdTX (rx,xi) and ν˜ :=
∑
j∈[m] bjδdTZ (rz,zj) where rx, rz are roots of TX , TZ
respectively.
• Step 3: Sort supports of µ˜ and ν˜, and then apply Algorithm 1 to compute the univariate OT
between µ˜ and ν˜.
We next show a complexity analysis for FlowAlign:
• The complexity of Step 1 is O(N¯HT log κ) where HT is a predefined deepest level of tree
T and κ is the number of clusters in the farthest-point clustering used in the clustering-based
tree metric sampling [30]; N¯ is the input number of supports7. Let N be the number of
nodes in the sampled tree T , we have N ≤ (κHT − 1) / (κ− 1).
• The complexity of Step 2 is O(nHT ) for computing supports of µ˜, ν˜.
• The complexity of Step 3 is O(n log n) as in Section C.1.
In general, one usually chooses small values for HT and κ (e.g., (HT = 6, κ = 4) are suggested
parameters for the clustering-based tree metric sampling [30]); and has n ≤ N (each support is
corresponding to a node in a tree). Therefore, the overall complexity of FlowAlign isO(N¯HT log κ+
nHT + n log n), or approximately O(N logN).
C.2.2 Applications with priori knowledge about tree metrics for supports in probability
measures
In some specific applications where one has a priori knowledge about tree metric for supports in each
probability measure. One can compute FlowAlign as in Equation (2) in the main text, where one can
exhaustedly search the optimal aligned roots, or apply the efficient computation in Section 3.2 in the
main text to reduce this complexity.
Assume that one have priori knowledge about tree metrics8 TX , TZ for supports of probability
measure µ, ν respectively. In general, one needs to search the optimal aligned roots rx, rz for tree
TX , TZ . The complexity of exhausted search is O(N2) where N is the number of nodes in trees.
Additionally, the complexity of aligned-root FlowAlign is O(N¯HT log κ + nHT + n log n), or
approximatelyO(N logN) (See Section C.2.1). Therefore, the overall complexity of FlowAlign with
7One can use supports of the input probability measures, or a (sub)set of supports from several input
probability measures, e.g., in case, supports are in non-registered, but same-dimensional spaces, to sample
tree metrics having the same tree structure. Therefore, we have N¯ ≈ tn, where t is the number of probability
measures whose supports are used to sample tree metrics.
8Assume that for each tree metric, each node has at most κ child nodes, and the deepest level is HT .
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exhausted search for optimal aligned-roots is O(N¯HT log κ + N2nHT + N2n log n + N2)9, or
approximately O(N3 logN).
As described in Section 3.2 in the main text, those computational steps, e.g., tree metrics between a
root to each support, and sorting for those tree metrics between a root to each support or its efficient
computation, can be done separately for each tree before one applies Algorithm 1 for those sorted
tree metrics between a root and each support, then compares those N2 values to find the optimal pair
of roots, one can reduce the complexity of FlowAlign
• intoO(N¯HT log κ+NnHT +n log n+N2), orO(N2) for Case 1 in the main text, since
one needs to compute tree metrics from a root to each support with complexity O(nHT ) for
N times due to changing a root in a tree; sort tree metrics between a root to each support for
only 1 time; and compare aligned-root FlowAlign results for N2 cases of pairs of roots.
• or nearly into O(N¯HT log κ+NnHT + n log n+Nn+N2), or nearly O(N2) for Case
2 in the main text, since one needs to compute tree metrics from a root to each support with
complexityO(nHT ) forN times due to changing a root in a tree; sort tree metrics between a
root to each support for only 1 time; merge some ordered arrays with complexity nearlyO(n)
for N times due to changing a root in a tree; and compare aligned-root FlowAlign results for
N2 cases of pairs of roots.
When the degenerated case happens, one needs to merge n ordered arrays, where each array
only has 1 node. Therefore, the complexity is O(n log n), or one simply needs to resort for
those n tree metrics from a root to each support when changing a root of a tree. Hence, the
overall complexity for the degenerated case is O(N¯HT log κ+NnHT +Nn log n+N2),
or approximately O(N2 logN).
Thus, for FlowAlign, one can reduce its complexity O(N3 logN) for a naive implementation into
nearlyO(N2) (or intoO(N2 logN) for the degenerate case) with the proposed efficient computation
in Section 3.2 in the main text.
Note that when one can not screen out any aligned-root FlowAligns, the computation of FlowAlign re-
quires at least N2 comparisons among aligned-root FlowAlign (choosing the optimal pair of roots
from the values of N2 aligned-root FlowAlign). Therefore, for this case, O(N2) is also the optimal
complexity for FlowAlign.
C.3 DepthAlign
Similar to FlowAlign in Section C.2, there are two types of applications: without or with priori
knowledge about tree metrics for supports in probability measures. For general applications where
one usually does not have priori knowledge about tree metrics for probability measures, one can
apply clustering-based tree metric sampling [30] to sample tree metrics for supports of probability
measures. For some specific applications where one knows tree metric for each probability measure,
one needs to search the optimal aligned roots, e.g., by exhausted search.
C.3.1 Applications without priori knowledge about tree metrics for supports in probability
measures
For those general applications without priori knowledge about tree metrics for supports in probability
measures, one can use clustering-based tree metric approach to sample tree metrics for supports of
the probability measures.
One can compute DepthAlign between µ =
∑
i∈[n] aiδxi and ν =
∑
j∈[m] bjδzj as follow:
• Step 1: Sample aligned-root tree metrics TX and TZ for supports xi |i∈[n] and zj |j∈[m] in
probability measures µ and ν respectively (similar to Step 1 for FlowAlign).
• Step 2: Based on the sampled aligned-root tree metrics, DepthAlign (Equation (7) in the
main text) is equivalent to aligned-root DepthAlign (Equation (6) in the main text). For each
9Naively computing N2 aligned-roots FlowAlign, and comparing those N2 values to obtain the optimal.
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probability measure, we construct 2-depth-level tree for all nodes from the tree root to each
support of the probability measure as in Algorithm 210.
Algorithm 2 Construct 2-depth-level tree
Input: Input empirical measure µ =
∑
i∈[n] aiδxi , tree metric TX .
Output: Set of 2-depth-level trees for µ.
1: Construct a set of paths Sp˜ for supports xi |i∈[n] where each element is a path from a root to
each support.
2: From the set of paths Sn˜, construct a set of nodes where each node belongs to at least one path of
the set of paths Sp˜.
3: For each node in Sn˜, construct a 2-depth-level tree for that node in tree T for µ, as in Section 4
in the main text.
4: Gather all those 2-depth-level trees to form the set of 2-depth-level trees for µ.
• Step 3: Compute the aligned-root DepthAlign (Equation (6) in the main text). It starts from
a comparison between 2-depth-level tree constructed from each root of TX , and TZ for µ
and ν respectively, with optimal matching mass 1.
– If it is not a simple case11, then we compute the disrepancy between 2-depth-level tree
as aligned-root FlowAlign by simply sorting supports and using Algorithm 1. Then, we
push all the matching pairs between child nodes and their optimal matching mass into
the queue.
– If it is a simple case where both two nodes of the considered pair do not have child
nodes, or sum of their child-node weights is equal to 0, then their discrepancy is equal
to 0.
– If it is a simple case where one of two considered nodes, but not both of them, does not
have child nodes, or sum of its child-node weights is equal to 0, then their discrepancy
is equal to sum of normalized-weighted lengths of paths from that node to supports of
a corresponding measure which are in the subtree rooted at that node.
We stop the computation when the queue is empty. The aligned-root DepthAlign is equal to
sum of all weighted discrepancies between 2-depth-level trees.
We summarize the computation for DepthAlign by sampling aligned-root tree metrics in Algorithm 3.
We next give a complexity analysis for DepthAlign:
• Recall that the complexity of sampling tree metricO(N¯HT log κ) whereHT is a predefined
deepest level of tree T and κ is the number of clusters in the farthest-point clustering for the
clustering-based tree metric sampling [30]; N¯ is the input number of supports.
• The complexity of constructing 2-depth-level trees is O(nHT κ) (we have n supports, each
path from a root to a support has less than HT nodes, and each 2-depth-level tree has less
than or equal (κ+ 1) nodes).
• The complexity to compute the univariate OT between 2-depth-level trees is O(κ log κ).
• At deep level (h+ 1), the number of nodes is not more than κh. So, the number of pairs of
nodes at deep level (h+ 1) is not more than κ2h. Let ∆ be the number of comparisons ∆
for 2-depth-level trees, we have ∆ ≤ (κ2HT − 1) / (κ2 − 1).
Therefore, one can implement the computation of DepthAlign with a complexity O(N¯HT log κ+
nHT κ+ ∆κ log κ).
10Constructing 2-depth-level tree for all nodes from the tree root to each support of probability measures as
in Algorithm 2 can be considered as a preprocessing step since those 2-depth-level trees are needed during the
hierarchical alignment along each deep level in trees for a computation of DepthAlign.
11A simple case for a pair of considered nodes is defined as: at least one node of the considered pair does not
have child nodes, or sum of its child-node weights is equal to 0.
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Algorithm 3 DepthAlign for probability measures by sampling aligned-root tree metrics
Input: Input probability measures µ =
∑
i∈[n] aiδxi , and ν =
∑
j∈[m] bjδzj .
Output: DepthAlign discrepancy d.
1: Sample aligned-root tree metrics TX , TZ for µ, ν respectively, e.g., by choosing a mean of support
data as its root for the clustering-based tree metric sampling [30].
2: Construct STX , STZ : sets of 2-depth-level trees for µ, ν in tree TX , TZ respectively by using
Algorithm 2.
3: Initialization with a pair of roots (rx, rz) of tree TX , TZ respectively, and the optimal matching
mass T ∗(rx, rz) = 1, and d← 0.
4: Push {(rx, rz), T ∗(rx, rz)} into a queue Q.
5: while Q is not empty do
6: Pull (x, z), T ∗(x, z) from queue Q.
7: Get corresponding 2-depth-level trees: T 2x , T 2z for µ, ν from STX , STZ respectively.
8: % For two simple 2-depth-level trees, the discrepancy between µT 2x , νT 2z is equal to 0.
9: if One of two 2-depth-level trees T 2x , T 2z is simple, but not both of them then
10: if T 2x is simple then
11: Get all paths from x to each support of µ in the subtree of TX rooted at x.
12: Normalize for weights of those supports of corresponding paths.
13: Compute d˜ as a sum of weighted lengths for those paths.
14: d← d+ T ∗(x, z)d˜.
15: else
16: Get all paths from z to each support of ν in the subtree of TZ rooted at z.
17: Normalize for weights of those supports of corresponding paths.
18: Compute d˜ as a sum of weighted lengths for those paths.
19: d← d+ T ∗(x, z)d˜.
20: end if
21: else if Two 2-depth-level trees T 2x , T 2z are not simple then
22: Sort the distances from a root to each node in tree T 2x , T 2z .
23: Compute univariate OT d˜ and the optimal transportation plan T˜ ∗ for empirical measures
with sorted supports µT 2x , νT 2z by using Algorithm 1.
24: d← d+ T ∗(x, z)d˜.
25: Compute weighted optimal transport plan T˜ ∗ ← T ∗(x, z)T˜ ∗.
26: For all child nodes u, v of T 2x , T 2z respectively, if their optimal matching mass T˜ ∗(u, v) > 0,
push {(u, v), T˜ ∗(u, v)} into queue Q.
27: end if
28: end while
C.3.2 Applications with priori knowledge about tree metrics for supports in probability
measures
For some specific applications where one has a priori knowledge about tree metric for supports in
each probability measures, one can easily tailor Algorithm 3 with existing tree metrics to compute
aligned-root DepthAlign. Thus, for the DepthAlign, one needs to search the optimal pair of roots for
the given tree metrics12, where one uses the aligned-root DepthAlign for each pair of roots. Overall,
the complexity of DepthAlign with exhausted search for the optimal pair of roots is approximately
O(N2nHT κ+N2∆κ log κ).
D Further experimental results
We denote EGW0 for the standard entropic Gromov-Wasserstein where we use entropic regularization
for both optimizing the transport plan and computing entropic GW.
12Assume that for each tree metric, each node has at most κ child nodes, the tree deep is HT , and the number
of nodes in tree is about N .
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Figure 10: Results of MAE and time consumption for the discrepancies with different parameters (e.g.
entropic regularization in EGW0/EGW, and number of (tree) slices in SGW/FA) in k-NN regression
in qm7 dataset. For clustering-based tree metric approach, we used its suggested parameters (κ = 4,
HT = 6).
D.1 Further experimental results on quantum chemistry and document classification
We illustrate the trade-off between performances and time consumption for the discrepancies for prob-
ability measures in different spaces when their parameters are changed, e.g., entropic regularization
in EGW and EGW0, and the number of (tree) slices in SGW, FlowAlign (FA), and DepthAlign (DA)
• for quantum chemistry (qm7 dataset) in Figure 10,
• for document classification
– in TWITTER dataset in Figure 11,
– in RECIPE dataset in Figure 12,
– in CLASSIC dataset in Figure 13,
– in AMAZON dataset in Figure 14.
The entropic term in standard entropic GW (EGW0) may harm its performances (comparing with
EGW) (e.g., in qm7, RECIPE, CLASSIC datasets illustrated in Figure 10, Figure 12, Figure 13 re-
spectively). Performances of EGW and the standard EGW0 are improved when entropic regularization
(eps) is smaller, but their computational time is considerably increased.
D.2 Time consumption for the clustering-based tree metric sampling
Time consumption for tree metric sampling by the clustering-based tree metric method [30] is negli-
gible in computation for both FlowAlign and DepthAlign. Indeed, we illustrate time consumption
for tree metric sampling with different parameters, e.g., the predefined deepest level HT , the num-
ber of clusters κ, for the clustering-based tree metric sampling [30] in qm7, TWITTER, RECIPE,
CLASSIC, AMAZON datasets in Figure 15. For examples, for each tree metric sampling with the
suggested parameters (HT = 6, κ = 4), it only took about 0.4 seconds for qm7 dataset, 1.5 seconds
for TWITTER dataset, 11.0 seconds for RECIPE dataset, 17.5 seconds for CLASSIC dataset, and 20.5
seconds for AMAZON dataset. Furthermore, we give a brief review for the clustering-based tree metric
sampling in Section E.2.
23
Figure 11: Results of averaged accuracy and time consumption for the discrepancies with different pa-
rameters (e.g., entropic regularization in EGW0/EGW, and the number of (tree) slices in SGW/FA/DA
in k-NN in TWITTER dataset. For clustering-based tree metric approach, we used its suggested
parameters (κ = 4, HT = 6).
Figure 12: Results of averaged accuracy and time consumption for the discrepancies with different
parameters, e.g., entropic regularization in EGW0/EGW, and the number of (tree) slices in SGW/FA in
k-NN in RECIPE dataset. For clustering-based tree metric approach, we used its suggested parameters
(κ = 4, HT = 6).
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Figure 13: Results of averaged accuracy and time consumption for the discrepancies with different
parameters, e.g., entropic regularization in EGW0/EGW, and the number of (tree) slices in SGW/FA
in k-NN in CLASSIC dataset. For clustering-based tree metric approach, we used its suggested
parameters (κ = 4, HT = 6).
Figure 14: Results of averaged accuracy and time consumption for the discrepancies with different
parameters, e.g., entropic regularization in EGW0/EGW, and the number of (tree) slices in SGW/FA in
k-NN in AMAZON dataset. For clustering-based tree metric approach, we used its suggested parameters
(κ = 4, HT = 6).
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Figure 15: Time consumption (seconds) for a tree metric sampling in FlowAlign and DepthAlign by
the clustering-based tree metric method [30] with different parameters (e.g. the predefined deepest
level HT , the number of clusters κ) in quantum chemistry (qm7 dataset), and document classification
(TWITTER, RECIPE, CLASSIC, AMAZON datasets).
D.3 Experiment results with different parameters for tree metric sampling
We illustrate results of mean absolute error (MAE) and time consumption for FlowAlign (10 tree
slices) with different parameters, e.g., the predefined deepest level HT , the number of clusters κ, in
the clustering-based tree metric sampling:
• in qm7 dataset in Figure 16,
• in TWITTER dataset in Figure 17,
• in RECIPE dataset in Figure 18,
• in CLASSIC dataset in Figure 19,
• in AMAZON dataset in Figure 20.
D.4 Further experimental results: k-means clustering on a small experimental setup for
performance comparison on random rotated MNIST dataset
We follow the small experimental setup for performance comparison on random rotated MNIST
dataset as in [44]. We randomly select 50 point clouds from each digits 0 to 4, apply k-means
clustering with k = 5, and k-means++ initialization. We show the performance comparison for
k-means clustering in Figure 2113. The performances of FlowAlign are comparative with EGW.
Moreover, FlowAlign is several order faster than EGW. The performances of EGW are better when
entropic regularization (eps) is smaller, but the time consumption is also higher.
13The barycenter for SGW is not published yet.
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Figure 16: Results of mean absolute error and time consumption for FlowAlign (10 tree slices)
with different parameters (e.g. the predefined deepest level HT , the number of clusters κ) in the
clustering-based tree metric sampling in qm7 dataset.
Figure 17: Results of averaged accuracy and time consumption for FlowAlign (10 tree slices)
with different parameters (e.g. the predefined deepest level HT , the number of clusters κ) in the
clustering-based tree metric sampling in TWITTER dataset.
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Figure 18: Results of averaged accuracy and time consumption for FlowAlign (10 tree slices)
with different parameters (e.g. the predefined deepest level HT , the number of clusters κ) in the
clustering-based tree metric sampling in RECIPE dataset.
Figure 19: Results of averaged accuracy and time consumption for FlowAlign (10 tree slices)
with different parameters (e.g. the predefined deepest level HT , the number of clusters κ) in the
clustering-based tree metric sampling in CLASSIC dataset.
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Figure 20: Results of averaged accuracy and time consumption for FlowAlign (10 tree slices)
with different parameters (e.g. the predefined deepest level HT , the number of clusters κ) in the
clustering-based tree metric sampling in AMAZON dataset.
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Figure 21: Results of k-means clustering on a small experiment setup for performance comparison
on random rotated MNIST dataset.
E Some brief reviews
We give brief reviews for the farthest-point clustering [22] (a more detail summarization and discus-
sion can be seen in [30]), the clustering-based tree metric sampling [30], tree metric in [50], and Fβ
measure for clustering evaluation [34] where β is chosen as in [29].
E.1 The farthest-point clustering
The farthest-point clustering [22] is a simple fast greedy approach for a κ-center problem. The
κ-center problem is defined as finding a partition of n points into κ clusters to minimize the maximum
radius of clusters. The complexity of a direct implementation, e.g., Algorithm 4, isO(nκ). Moreover,
by using the algorithm in [19]14, the complexity for the farthest-point clustering can be reduced into
O(n log κ).
14Code is available at https://github.com/vmorariu/figtree/blob/master/matlab/figtreeKCenterClustering.m
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Algorithm 4 The farthest point clustering
Input: X =
{
xi |i∈[n]
}
is a set of n input data points, and κ is the predefined number of clusters
for the farthest-point clustering.
Output: A set of clustering centers C =
{
ci |i∈[κ]
}
, and cluster indices for xi |i∈[n].
1: Initialize C ← ∅.
2: c1 ← a random data point x ∈ X .
3: C ← c1.
4: i← 1.
5: while i < κ and n− i > 0 do
6: i← i+ 1.
7: ci ← maxx∈X minc∈C ‖x− c‖. % (find the farthest point x ∈ X to C).
8: C ← C ∪ ci. % (add the new cluster center into C).
9: end while
10: Each data point x ∈ X is assigned to its nearest cluster center c ∈ C.
E.2 Clustering-based tree metric sampling
The clustering-based tree metric sampling [30] is a practical fast approach to sample tree metric
from input data points. Its main idea is to use a (fast) clustering method, e.g., the farthest-point
clustering, to cluster input data points hierarchically to build a tree structure, as summarized in
Algorithm 515. As discussed in [30], one can use any clustering method for the clustering-based
tree metric sampling. The farthest-point clustering is suggested due to its fast computation (see
Section E.1). The complexity of the clustering-based tree metric sampling for n input data points
where one uses the same number of clusters κ for the farthest-point clustering and HT for the
predefined deepest level of tree T , is O(nHT log κ). Therefore, the clustering-based tree metric
sampling is very fast for applications.
A cluster sensitivity problem. As discussed in [30], for data points near a border of adjacent, but
different clusters, they are close to each other but in different clusters. The fact that whether those
data points are clustered in the same cluster or not, depends on an initialization of the farthest-point
clustering. Therefore, by leveraging various clustering results, obtained with different initializa-
tions for the farthest-point clustering, e.g. as in our proposed flow-based alignment approaches:
FlowAlign and DepthAlign, one can reduce an affect of the cluster sensitivity problem.
Algorithm 5 Clustering-based tree metric (with the farthest-point clustering)
Input: X is a set of m input data points, x˜p is a parent node for those input data points in X , h is a
current depth level, HT is the predefined deepest level of tree T , κ is the predefined number of
clusters for the farthest-point clustering.
Output: tree metric T
1: if m > 0 then
2: if h > 0 then
3: Node x˜c ← a center of X , e.g., the mean data point of X .
4: Length of edge (x˜p, x˜c)← distance (x˜p, x˜c).
5: else
6: Node x˜c ← x˜p.
7: end if
8: if m > 1 and h < HT then
9: Run the farthest-point clustering for X into κ clusters Xi |i∈[κ].
10: for each cluster Xi |i∈[κ] do
11: Recursive the clustering-based tree metric for input data points in set Xi, a parent node
x˜c, a current depth level (h+ 1) with the predefined deepest level HT for tree T , and the
predefined number of clusters κ for the farthest-point clustering).
12: end for
13: end if
14: end if
15Code is available at https://github.com/lttam/TreeWasserstein/blob/master/BuildTreeMetric_HighDim_V2.m
30
E.3 Tree metric
We recall the definition of tree metric in [50] (§7, p.145–182).
Definition 6. A metric d : Ω × Ω → R+ is a tree metric on a finite set Ω if there exists a tree T
with non-negative edge lengths such that all elements of Ω are nodes in T , and for x, z ∈ Ω, d(x, z)
equals to the length of the (unique) path in T between x and z.
E.4 Fβ measure for clustering evaluation
We summarize the Fβ measure for clustering evaluation as in [34] where β is chosen as in [29]. The
main idea is that a pair of data points is assigned to the same cluster if and only if they are in the same
class and otherwise. We have some following quantities:
• TP: the number of a true positive decisions which assign a pair of data points in the same
class to the same cluster.
• TN: the number of a true negative decisions which assign a pair of data points in the different
classes to the different clusters.
• FP: the number of a false positive decisions which assign a pair of data points of different
classes to the same cluster.
• FN: the number of a false negative decisions which assign a pair of data points of the same
class to different clusters.
Consequently, we have the precision
P =
TP
TP + FP
, (14)
and recall
R =
TP
TP + FN
. (15)
Note that we usually have many more pairs of data points in different classes than in the same class
in clustering. Therefore, we need to penalize false negative error more strongly than false positive
error. Fβ measure can take into account of this idea by using a scalar β > 1, defined as follow:
Fβ =
(
β2 + 1
)
PR
β2P+R
. (16)
Following [29], we plug Equation (14), and Equation (15) into Equation (16), and observe that Fβ
penalizes false negative error β2 times more than false positive error. Then, we can set
β =
√
|D|
|S| , (17)
where | · | denotes a cardinality of a set let; D, S are sets of pairs of data points in different and same
classes respectively.
E.5 More information about datasets
Quantum chemistry. One can download qm7 dataset from: http://quantum-machine.org/
datasets/. We emphasize that for simplicity, we only use the Cartesian coordinate of each atom
(R3) in the molecules. We do not use the atomic nuclear charge for each molecule for the atomization
energy prediction task as used in experiments of [44, 46].
There are 7165 molecules and each molecule has no more than 23 atoms in qm7 dataset.
Document classification with non-registered word embeddings. One can download document
datasets, e.g., TWITTER, RECIPE, CLASSIC, AMAZON datasets from: https://github.com/
mkusner/wmd.
After preprocessing, there are
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• 3108 documents in 3 classes where each document length is not more than 29 in TWITTER
dataset,
• 4370 documents in 15 classes where each document length is not more than 628 in RECIPE
dataset,
• 7093 documents in 4 classes where each document length is not more than 348 in CLASSIC
dataset,
• 8000 documents in 4 classes where each document length is not more than 4592 in AMAZON
dataset.
F Some further discussions
Network flow. In combinatorial optimization, network flow is a class of computational problems in
which the input is a graph with capacities on its edges [1]. The minimum-cost flow problem is one of
popular classes of network flow problems. Especially, optimal transport (OT) for probability measures
whose supports are in the same space, can be regarded as one of instances of the minimum-cost
flow problems, and one can use the network simplex algorithm to solve it. However, for GW, the
supports of input probability measures are in different spaces. Therefore, one may not use algorithms
for minimum-cost flow problems, e.g., network simplex, to optimize the alignment in GW problem
with tree metrics (Equation (1) in the main text) where supports of input probability measures are in
different tree metric spaces.
Recall that our proposed flow-based alignment approaches (i.e., FlowAlign and DepthAlign) for
probability measures in different tree metric spaces is based on matching both flows from a root to each
support in the probability measure, and root alignment for the corresponding tree structures. Thus,
one should distinguish between our proposed flow-based alignment approaches in FlowAlign and
DepthAlign for probability measures in different tree metric spaces, and algorithms for minimum-cost
flow problems. Note that the flows of our flow-based representation shares the same spirit with the
flows modeled in the proof for the closed-form computation of tree-Wasserstein distance [30] (§3).
Tree metric sampling. Our goal is not to approximate the GW distance between probability
measures whose supports are in the Euclidean space (i.e., the ground metric is Euclidean metric),
but rather to sample tree metrics for each space of supports, and then use those random sampled tree
metrics as ground metrics for supports of input probability measures in GW, similar to tree-sliced-
Wasserstein [30].
Similar to the case of one-dimensional projections for sliced Wasserstein, or sliced GW, which do
not give good properties from a distortion point of view, but remain useful for sliced Wasserstein or
sliced GW in applications, we believe that tree metrics with a large distortion can be useful, similar to
the case of tree-sliced-Wasserstein in practical applications.
A correction of the binomial expansion trick in [55]. There is a typo in the binomial expansion
trick in [55]. We correct it as follows:∑
i,j
(
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The σ in Equation (18) is a permutation. Note that the binomial expansion trick can be applied for
GW when one uses the squared `2 loss and input probability measures have the same number of
supports with uniform weights as considered in sliced GW [55].
G Empirical relation for discrepancies for probability measures in different
spaces
We emphasize that the proposed FlowAlign and DepthAlign are two novel discrepancies for probability
measures in different tree metric spaces, and we do not try to mimic or approximate either the entropic
GW or sliced GW.
In this section, we investigate an empirical relation between a pair of discrepancies, e.g., let denote
those considered discrepancies as dα and dβ . We carried out following experiments16:
For a query point q, we denote qNN as the nearest neighbor of q with respect to dα. Then, we
investigate the frequency of rank order of qNN among nearest neighbor of q with respect to dβ . For
those experiments, we randomly split 90%/10% for training and test. Reported results are averaged
over 1000 runs.
We recall some following notations: FA for FlowAlign, DA for DepthAlign, SGW for sliced GW, EGW
for entropic GW (only use entropic regularization for transport plan optimization, but exclude for
computing entropic GW objective) and EGW0 for standard entropic GW (use entropic regularization
for both transport plan optimization and objective computation). We also recall that supports for
probability measures are in low-dimensional spaces (dim=3) in qm7 dataset; and in high-dimensional
spaces (dim=300) in TWITTER, RECIPE, CLASSIC, AMAZON datasets. The number of supports for
probability measures are small in qm7 (#supports ≤ 23), and TWITTER (#supports ≤ 29) datasets;
and are large in RECIPE (#supports ≤ 628), CLASSIC (#supports ≤ 348), and AMAZON (#supports
≤ 4592) datasets.
G.1 Empirical relation between FA and DA
We set dα := FA and dβ := DA. Figure 22 illustrates an empirical relation between FA and DA in
qm7, TWITTER, RECIPE, CLASSIC, AMAZON datasets. We used DA with 1 tree slice for qm7, 10
tree slices for TWITTER, 5 slices for RECIPE, 1 tree slice for CLASSIC, and 1 tree slice for AMAZON.
The empirical results show that FA agrees with some aspects of DA, especially when the number
of support for probability measures is small (information about relative deep levels of supports
is small), and the degree of agreement may increase when supports for probability measures are
low-dimensional space (tree structure becomes simpler) as in qm7. From Figure 22, we also observe
that the degree of agreement decreases when the number of supports in datasets increases.
Recall that DA is a generalized version of FA which takes into account deep levels of supports in tree
structures of tree metric spaces. When the number of supports for probability measures is large, the
information about relative deep levels of supports is increased. Therefore, DA operates differently
to FA, e.g., in RECIPE and AMAZON datasets. In addition, tree structure for high-dimensional spaces
of supports (e.g., in TWITTER and CLASSIC datasets) is usually more complex than that of low-
dimensional space of supports (e.g., in qm7 dataset). Thus, DA behaves more similar to FA in qm7
dataset than in TWITTER and CLASSIC datasets.
G.2 Empirical relation between FA and SGW
We first set dα := SGW and dβ := FA (10 tree slices). For SGW in CLASSIC, AMAZON datasets, we
only evaluate it until 10 slices due to its slowness with a larger number of slices. We illustrate an
empirical relation between FA and SGW in qm7, TWITTER, RECIPE, CLASSIC, AMAZON datasets
in Figure 23.
Secondly, we set dα := FA and dβ := SGW (10 slices). We illustrate another empirical relation
between FA and SGW in qm7, TWITTER, RECIPE, CLASSIC, AMAZON datasets in Figure 24.
16The experimental setup is similar to that of [30] for investigating an empirical relation between tree-sliced-
Wasserstein and optimal transport with Euclidean ground metric.
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Figure 22: Empirical relation: dα := FA and dβ := DA. We used DA with 1 tree slice for qm7, 10 tree
slices for TWITTER, 5 tree slices for RECIPE, 1 tree slice for CLASSIC, and 1 tree slice for AMAZON.
The empirical results show that SGW and FA may agree with each other some aspects when supports
are in low-dimensional spaces, e.g., in qm7 dataset, but they become more different when supports are
in high-dimensional spaces, e.g., in document datasets: TWITTER, RECIPE, CLASSIC, AMAZON
datasets. Note that a one-dimensional space is a special case of tree metric (a tree metric is a chain).
For supports in low-dimensional spaces, both projecting those supports in one-dimensional spaces
and using tree metric sampling seem to be able to capture the structure of a distribution of supports
at a certain level. However, for supports in high-dimensional spaces, projecting the supports in
one-dimensional space limits its capacity to capture the structure of a distribution of supports [32]
while sampling tree metric can remedy this problem [30].
G.3 Some other empirical relations
G.3.1 Empirical relation between SGW and DA
We set dα := SGW and dβ := DA. Figure 25 illustrates an empirical relation between SGW and
DA in qm7, TWITTER, RECIPE, CLASSIC, AMAZON datasets. We used DA with 1 tree slice for
qm7, 10 tree slices for TWITTER, 5 tree slices for RECIPE, 1 tree slice for CLASSIC, and 1 tree slice
for AMAZON. For SGW in CLASSIC, AMAZON datasets, we only evaluate it until 10 slices due to its
slowness with a larger number of slices.
The empirical results show that SGW agrees with some aspects of DA when supports for probability
measures are in a low-dimensional space (tree structure becomes simpler), as in qm7 dataset. When
supports for probability measure are in a low-dimensional space (e.g., in qm7 dataset), both SGW and
DA agree with some aspect of FA (see more discussions in Section G.1, and Section G.2), or SGW
and DA agrees with each other some aspects. However, when supports for probability measure are
in high-dimensional spaces (e.g., in document datasets: TWITTER, RECIPE, CLASSIC, AMAZON
datasets), they become different (similar to the empirical relation between SGW and FA as discussed
in Section G.2).
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Figure 23: Empirical relation: dα := SGW and dβ := FA (10 tree slices). For SGW in CLASSIC,
AMAZON datasets, we only evaluate it until 10 slices due to its slowness with a larger number of slices.
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Figure 24: Empirical relation: dα := FA and dβ := SGW (10 slices).
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Figure 25: Empirical relation: dα := SGW and dβ := DA.We used DA with 1 tree slice for qm7, 10 tree
slices for TWITTER, 5 tree slices for RECIPE, 1 tree slice for CLASSIC, and 1 tree slice for AMAZON.
For SGW in CLASSIC, AMAZON datasets, we only evaluate it until 10 slices due to its slowness with
a larger number of slices.
G.3.2 Empirical relation between FA/SGW and EGW0/EGW
For those experiments, the entropic regularization for EGW0/EGW is set 5 for qm7 and TWITTER
datasets, and 10 for RECIPE, CLASSIC, AMAZON datasets. For SGW in CLASSIC, AMAZON datasets,
we only evaluate it until 10 slices due to its slowness with a larger number of slices.
Empirical relation between FA/SGW and EGW0. We first set dα := FA and dβ := EGW0. We
illustrate an empirical relation between FA and EGW0 in qm7, TWITTER, RECIPE, CLASSIC,
AMAZON datasets in Figure 26.
Secondly, we set dα := SGW and dβ := EGW0. We illustrate an empirical relation between SGW and
EGW0 in qm7, TWITTER, RECIPE, CLASSIC, AMAZON datasets in Figure 27.
Empirical relation between FA/SGW and EGW. We first set dα := FA and dβ := EGW. We
illustrate an empirical relation between FA and EGW in qm7, TWITTER, RECIPE, CLASSIC,
AMAZON datasets in Figure 28.
Secondly, we set dα := SGW and dβ := EGW. We illustrate an empirical relation between SGW and
EGW in qm7, TWITTER, RECIPE, CLASSIC, AMAZON datasets in Figure 29.
Discussions. It seems that there is no much empirical relation between FA/SGW and EGW0/EGW
on qm7, TWITTER, RECIPE, CLASSIC, AMAZON datasets.
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Figure 26: Empirical relation: dα := FA and dβ := EGW0. The entropic regularization for EGW0 is
set 5 for qm7 and TWITTER datasets, and 10 for RECIPE, CLASSIC, AMAZON datasets.
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Figure 27: Empirical relation: dα := SGW and dβ := EGW0. The entropic regularization for EGW0
is set 5 for qm7 and TWITTER datasets, and 10 for RECIPE, CLASSIC, AMAZON datasets. For SGW
in CLASSIC, AMAZON datasets, we only evaluate it until 10 slices due to its slowness with a larger
number of slices.
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Figure 28: Empirical relation: dα := FA and dβ := EGW. The entropic regularization for EGW is set
5 for qm7 and TWITTER datasets, and 10 for RECIPE, CLASSIC, AMAZON datasets.
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Figure 29: Empirical relation: dα := SGW and dβ := EGW. The entropic regularization for EGW
is set 5 for qm7 and TWITTER datasets, and 10 for RECIPE, CLASSIC, AMAZON datasets. For SGW
in CLASSIC, AMAZON datasets, we only evaluate it until 10 slices due to its slowness with a larger
number of slices.
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